FROM ALGEBRAIC COBORDISM TO MOTIVIC COHOMOLOGY 

MARC HOYOIS 

Abstract. Let S be an essentially smooth scheme over a field of characteristic exponent c. We show that 
there is a canonical equivalence of motivic spectra over S 

MGL/(a 1 ,a 2l ...)[l/c] ~ HZ[l/c], 

where HZ is the motivic cohomology spectrum, MGL is the algebraic cobordism spectrum, and the a^'s are 
generators of the Lazard ring. 
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Introduction 

A fundamental result in stable homotopy theory states that complex cobordism is the universal complex- 
oriented cohomology theory and that ordinary cohomology (with integral coefficients) is the universal 
one whose associated formal group law is additive. In terms of spectra, this amounts to an equivalence 
MU/(ai,o 2 ,...) ~ HZ, where MU* = Z[a x , a 2 , . . .]■ 

In the motivic world, the universal oriented cohomology theory is represented by the algebraic cobordism 
spectrum MGL. By analogy with the topological picture, one could thus hope to have an equivalence 

(*) MGL/( ai ,a 2 ,...)-ffZ 

where HZ is now the spectrum representing motivic cohomology. In this paper we prove that there is indeed 
such an equivalence over fields of characteristic zero (and, more generally, over essentially smooth schemes 
over such fields). This result was previously announced by M. J. Hopkins and F. Morel, but their proof was 
never published. Our proof is essentially reverse-engineered from a talk given by Hopkins at Harvard in the 
fall of 2004 (recounted in |Hop04| ) . For another account of the work of Hopkins and Morel, see |Ayo05| . 

Several applications of this equivalence are already known. In jBpilO, SpiL2], the slices of Landweber 
exact spectra are computed: if E is the motivic spectrum associated with a Landweber exact MU 2 *-module 
M*, then s q E is the shifted Eilenberg-Mac Lane spectrum Y? q > q HM q . This shows that one can approach 
i?-cohomology from motivic cohomology with coefficients in M 4 by means of a spectral sequence, generalizing 
the classical spectral sequence for algebraic if-theory. In |Levl2j , the slices of the motivic sphere spectrum 
are computed in terms of the G m -stack of strict formal groups. In |Lev09j . it is shown that the Levine-Morel 
algebraic cobordism fi*(— ) coincides with Voevodsky's MGL' 2,1 )*(— ) on smooth schemes. In particular, the 
formal group law on MGL( 2 ,i)* is universal. Another interesting fact which follows at once from ([*]) is that 
HZ is a cellular spectrum (i.e., an iterated homotopy colimit of stable motivic spheres). We will review all 
these applications at the end of the paper. 

Assume now that the base field has characteristic p > (or, more generally, that the base scheme is 
essentially smooth over such a field). We will then show that there is a canonical equivalence 

MGL/(ai,02,...)[Vp] *HZ[l/p]. 
This (partial) extension of the Hopkins-Morel equivalence is made possible by the recent computation of 
the motivic Steenrod algebra in positive characteristic ( HK0I3 ). It is not clear whether the stronger 
equivalence ([*]) holds in this case; it would suffice to show that the canonical map 

HZ/p A MGL/(ai, a 2 , ...)-> HZ/p A HZ 

is an equivalence over the finite field F p . The left-hand side is easy to compute as an HZ/p- module (the 
computation is the same over any field) , but the existing methods to compute HZ jl A HZ for primes I ^ p 
(namely, representing groups of algebraic cycles by symmetric powers and studying the motives of the latter 
using resolutions of singularities) all fail when I = p. In particular, it remains unknown whether HZ is a 
cellular spectrum over fields of positive characteristic. 

Outline of the proof. Assume for simplicity that the base is a field of characteristic zero and let 
/ : MGL/ (ai, a 2 , . . . ) — > HZ be the map to be proved an equivalence. Then 



(1) HQ A / is an equivalence 
(2) HZ / 1 A / is an equivalence 



(3) 

=> HZ A / is an equivalence | aj\ 
(4) f<o is an equivalence 



/ is an equivalence, 



where I is any prime number and /<o is the truncation of / in the homotopy ^-structure. Here follows a 
summary of each key step. References are given in the main text. 

(1) This is a straightforward consequence of the work of Naumann, Spitzweck, and Ostvaer on motivic 
Landweber exactness, specifically the fact that HQ is the Landweber exact spectrum associated with 
the additive formal group over Q. 

(2) HZ /I A HZ can be computed using Voevodsky's work on the motivic Steenrod algebra and motivic 
Eilenberg-Mac Lane spaces: it is a cellular iJZ/Z-module and its homotopy groups are the kernel of 
the Bockstein acting on the dual motivic Steenrod algebra. To apply Voevodsky's results we also 
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need the fact proved by Rondigs and 0stvaer that "motivic spectra with Z /^-transfers" are equivalent 
to HZ/l-modu\es. We compute the homotopy groups of HZ/l A MGL/(ai, 0,2, ■■■) by elementary 
means, and direct comparison then shows that HZ/l A / is an isomorphism on homotopy groups, 
whence an equivalence by cellularity. 

(3) This is a simple algebraic result. 

(4) By a theorem of Morel it suffices to show that /<o induces isomorphisms on the stalks of the homotopy 
sheaves at field extensions L of k. For HZ<q these stalks are given by the motivic cohomology groups 
-ff"'"(Spec L, Z), which have been classically identified with the Milnor A-theory groups of the field 
L. We identify the homotopy sheaves of MGL/(ai, a%, .. . )<o — MGL<o with the cokernel of the 
Hopf element acting on the homotopy sheaves of the truncated sphere spectrum 1< ; it then follows 
from Morel's explicit computation of the latter that the stalks of the homotopy sheaves of MGL<o 
over Spec L are also the Milnor A-theory groups of L. 

(5) This final step is the inductive climb of the "Postnikov tower" of /. It relies strongly on the fact 
that the source and target of / are MGL-module spectra, and we need results from Gutierrez, 
Rondigs, Spitzweck, and 0stva?r exploiting the compatibility between the homotopy t-structure and 
the monoidal structure on the stable motivic homotopy category. 

Acknowledgements. I am very grateful to Paul Arne 0stvaer and Markus Spitzweck for pointing out a 
mistake in the proof of the main theorem in a previous version of this text, and to Paul Goerss for many 
helpful discussions. 

1. Preliminaries 

Let S be a Noetherian scheme of finite Krull dimension; we will call such a scheme a base scheme. We 
denote by Spc(S), §pc*(5), Spt(S), 3i(S), 5£*(5), S%(S) the model categories of motivic spaces, pointed 
spaces, and symmetric spectra over S, and their homotopy categories. They are constructed as usual from the 
category Sm/S of separated smooth schemes of finite type over S (which we will simply call smooth schemes). 
We denote by S°° : Spc*(5) — > Spt(S) the stabilization functor, and by 1 the sphere spectrum 

Recall that Spt(S) is a combinatorial symmetric monoidal model category satisfying the monoid axiom of 
SSOO, Definition 3.3]. By SSOO, Theorem 4.1], if E is a commutative monoid in Spt(S), the category Mods 
of A-modules is again a monoidal model category; we denote by T)(E) its homotopy category. In particular, 
we can consider homotopy colimits of A-modules (which are also homotopy colimits in the underlying category 
§pt(5)). To differentiate these highly structured modules from modules in the monoidal category S2C(S), we 
call the latter weak modules. 

Standard facts that we will feel free to use implicitly are that filtered colimits are always homotopy colimits 
in these model categories and that §pc(5) has a left proper model structure in which monomorphisms are 
cofibrations (for example the left Bousficld localization of the injective structure on simplicial presheaves). 

We use the notation Map(A, Y) for derived mapping spaces, while [X,Y] = n Map(A, Y) is the set of 
morphisms in the homotopy category. As a general rule, when a functor between model categories preserves 
equivalences, we use the same symbol for the induced functor on homotopy categories. Otherwise we use the 
prefixes L and R to denote left and right derived functors, but here are some exceptions. The smash product 
of spectra E A F always denotes the derived monoidal structure on S^K(S). In particular, if E is a monoid 
in Spt(S), E A — is the left derived functor of the free -©-module functor Spt(S) — > Mods- The bigraded 
suspension and loop functors Y, p ' q and f2 p ' 9 are also always derived. 

Our indexing convention for spheres is S p - q — (5 1 ) Ap_9 A G^ 9 £ Spc*(5), and we use the same indexing 
for suspension functors YP- q and homotopy groups 7r p , 9 . For E € S3i(S), n (E) will denote the Nisnevich 
sheaf associated with the presheaf 

X ^ [T 1 p - q Z co X + ,E] 

on Sm/S*. By |Mor03[ Proposition 5.1.14], the family of functors K Pl q, P,9 £ Z, detects equivalences in 
S'H(S). We note that the functors ir p preserve sums and filtered colimits, because the objects E P ' 9 E 00 X + 
are compact (this follows by higher abstract nonsense from the observation that filtered homotopy colimits of 
simplicial presheaves on Sm/S preserve A 1 -local objects and Nisnevich-local objects, cf. Appendix [Aj the 
proof in DI05, §9] also works over an arbitrary base scheme). 

We do not give here the definition of the motivic Thorn spectrum MGL, but we recall that it can be 
constructed as a commutative monoid in Spt(S') ( |PPR08| §2.1]), and that it is a cellular spectrum (the 
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unstable cellularity of Grassmannians over any base is proved in |Wenl2l Proposition 3.7]; the proof of [DI05 
Theorem 6.4] also works without modifications over SpecZ, which implies the cellularity of MGL over an 
arbitrary base). 

1.1. The homotopy t-structure. Let SJC(S)>d denote the subcategory of §!K(S) generated under homotopy 
colimits and extensions by 

{E p ' q 'E° X + | X £ Sm/S and p-q>d}. 
Spectra in S5£(«S')> ( z are called d-connective (or simply connective if d = 0). Since Spt(S') is a combinatorial 
model category, §J{(S)>q is the nonnegative part of a t-structure on §J£(S I ) f |Lur!2l Proposition 1.4.4.11]), 
called the homotopy t-structure. The associated truncation functors are denoted E H ► E>d and E i— > E<d, so 
that we have cofiber sequences 

E>d —> E — >• E<d-i —> ^ 1,0 E>d- 
Write F^F for the cofiber of E>d+i F>d, or equivalently the fiber of E<d E<d-x- 

The filtration of SJ£(5) by the subcategories S!K(S)>d adheres to the axiomatic framework of |GRS012l 
§2.1]. It follows from |GRS012[ §2.3] that the full slice functor 

: SH(S) -> SiK(S) z 

has a lax symmetric monoidal structure, i.e., there are natural coherent maps 

K m E A K n F -> F m+n (F A F). 
In particular, F* preserves monoids and modules. 

Lemma 1.1. The truncation functor (— )<d- SJ{(5) — > SIK(S') preserves filtered homotopy colimits. 

Proof. It suffices to show that SJ£(5)<d is closed under filtered homotopy colimits. Since 

SK(S)< d = {Ee SH(S) | [F, E] = for all F e SW(5)> d+ i}, 

this follows from the fact that §!K(S)>d+i is generated under homotopy colimits and extensions by compact 
objects. □ 

Lemma 1.2. Let f : T — > S be an essentially smooth morphism of base schemes, and let f* : SJf(S') — > S!K(T) 
be the induced base change functor. Then, for any E £ S!K(S) and any d £ Z, f*(E<d) — (f*E)<d- 

Proof. Let /* be the right adjoint to /*. With no assumption on /, we obviously have /*(§J£(5)>rf + i) C 
SJ{(T)> f j + i and hence f^(§3{(T)<d) C S%(S)<a. This shows that /* is compatible with the inclusions 
§^K<d C SIK. Taking left adjoints, we obtain a canonical equivalence (/* (E<d))<d — (f*E)<d- Thus, it 
remains to show that /*(§JC(5)<d) C SJ£(T)<<j. If / is smooth, this follows from the existence of the left 
adjoint /j to /* and the fact that /jt(SJ£(T)>,j+i) C SJC(5)>d+i- The case where / is essentially smooth now 



follows by Lemma A. 7 (1). □ 



Morel's connectivity theorem gives a more explicit description of the homotopy i-structure when 5* is the 
spectrum of a field: 

Theorem 1.3. Let k be a field and let E e SJC(fc). Then 

(1) E £ §JC(k)>d if and only if jt_ p q E = for p — q < d; 

(2) E £ S3{(k)<d if and only if 7T p q E = for p — q > d. 

Proof. We first observe that the vanishing condition in (2) (say for d = — 1) implies in fact the vanishing 
of the individual groups [E P,9 E°°X + , E] for p — q > and X £ Sm/fc. By the standard adjunctions, this 
group is equal to the set of maps Y, p ~ q X + — > Lp L iQ,°°Y,~ q >~ q E in the homotopy category of pointed simplicial 
sheaves. Thus, the vanishing of the sheaves for all p — q > implies that Lp L iW°Y 1 ~ q '~ q E is contractible, 
whence the vanishing of the presheaves. 

By |JVlor031 §5.2], the right-hand sides of (1) and (2) define a t-structure on S0-{(fc)[]call it T. To show 
that this t-structure coincides with ours, it suffices to show the implications from left to right in (1) and (2). 
For (1), we have to show that if F £ SJ{(/c)>o, then F is T-nonnegative, or equivalently [F,E] — for 
every T-negative E. Now T-nonnegative spectra are easily seen to be closed under homotopy colimits and 



^This is only proved when k is perfect in |Mor03 |, but that hypothesis is removed in IMor05| . In any case we can assume 
that k is perfect in all our applications of this theorem. 
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extensions, so we may assume that F — S P ' 9 I] 00 X + with p — q > 0. But then [F, E] — by our preliminary 
observation. For (2), let E € S5f(fc)<-i, i.e., [F,E] = for all F G SJ£(fc)> . Taking F = TP<*jy x X + with 
p — > 0, we deduce that E is T-negative. □ 

Corollary 1.4. Let k be a field, X G Sm/fc, and p,<;€ Z. For every E G S!K(fc) and d > p — q + dimX, 

[£^S°°X + ,F> d ] =0. 

In particular, the canonical map E — > holim„_>. co F<„ is an equivalence, i.e., the homotopy t-structure on 
S'K{k) is left complete. 



Proof. Theorem 1.3 (1) implies that the Nisnevich-local presheaf of spectra Qq Q p ' q (E>d) is (d — p + q)- 
connective. Since the Nisnevich cohomological dimension of X is at most dimX, this implies the first claim. 
It follows that holim„_ i . 00 £>„ = 0, whence the second claim. □ 



Remark 1.5. Theorem |1.3| and Corollary |1.4| are true more generally over any base scheme satisfying the 
stable A 1 -connectivity property in the sense of |Mor051 Definition 1]. 

Remark 1.6. It is clear that the homotopy t-structure is right complete over any base scheme. 

1.2. Strictly A 1 -invariant sheaves. In this paragraph we recall the following fact, proved by Morel: if k 
is a perfect field, equivalences in SJi(k) are detected by the stalks of the sheaves ir p at generic points of 
smooth schemes. 

If 2f is a presheaf on Sm/S and (X a ) is a cofiltered diagram in Sm/S with affine transition maps, we can 
define the value of 5F at X = lim a X a by the usual formula 

${X) = colim Q 3{X a ). 

This is well-defined: in fact, we have ^(X) = Hon^rJ, J) where rX is the presheaf on Sm/S represented by 
X ( |Gro661 Proposition 8.14.2]). In particular, if S is the spectrum of a field k and L is a separably generated 
extension of k, ^(SpecF) is defined in this way. Note that if jF' is the Nisnevich sheaf associated with £F, 
then ^(Speci) = J'(SpecF). 

A Nisnevich sheaf of abelian groups SF on Sm/S is called strictly A 1 -invariant if the map 

H^ is (X,J)^H^ s (XxA\j) 

induced by the projection X x A 1 — > X is an isomorphism for every X £ Sm/S and i > 0. 

When 5 is the spectrum of a field (or, more generally, when the stable A 1 -connectivity property holds 
over S), the category of strictly A 1 -invariant sheaves is an exact abelian subcategory of the category of all 
abelian sheaves ( |Morl2|, Corollary 6.24]). In this case a typical example of a strictly A 1 -invariant sheaf is 
Ti_ v q E for a spectrum E G S"K(S) and p, q G Z f |Mor031 Remark 5.1.13]). 

Theorem 1.7. Fe£ /: > S fre a morphism of strictly A 1 -invariant Nisnevich sheaves on Sm/fc where k is 
a perfect field. Then f is an isomorphism if and only if, for every finitely generated field extension k C L, 
the map ^(SpccF) — > S(Speci) induced by f is an isomorphism. 

Proof. This follows from |Morl2[ Example 2.3 and Proposition 2.8]. □ 

2. The tt of MGL 

In this section we show that MGL is connective and we compute K MGL as a weak iQjl-module. The 
base scheme S is arbitrary. If X G Sm/S and E — > X is a vector bundle, we denote its Thorn space by 

Th(F) = E/(E\X). 

Lemma 2.1. Let E be a rank d vector bundle on X G Sm/S . Then S°° Th(F) is d-connective. 

Proof. Let {U a } be a trivializing Zariski cover of X. Then Th(F) is the homotopy colimit of the simplicial 
diagram 

• •• 3 \/ Th (^i^)^V Th ^ic/J- 

a,0 a 

Since E is trivial on U ai .., an , Th(E\u a an ) is equivalent to Yj 2d ' d (U oll ... an )+ which is stably d-connective. 
Thus, S°° Th(E) is d-connective as a homotopy colimit of d-connective spectra. □ 
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Lemma 2.2. Let X £ §>m/S and let Z C X be a smooth closed subscheme of codimension d. Then 
YP°{X/{X \ Z)) is d-connective. 



Proof. This follows from Lemma [21] and the equivalence X/(X \ Z) ~ Th(W) of [MV991 Theorem 3.2.23], 
where N is the normal bundle of 2 C X. □ 

Let V be a vector bundle of finite rank over S. Denote by Gr(r, V) the Grassmann scheme of r-planes in 
V, and let E(r, V) denote the tautological rank r vector bundle over it. When V — A™ we will also write 
Gr(r, n) and E(r,n). Given a subbundle W C V, we have an obvious closed immersion 

i: Gr(r,W) ^ Gr(r,V), 

and given vector bundles V± , . . . , Vt , there is a closed immersion 

j: Gr(r x ,Fi) x •• • x Gr(r t ,F t ) ^ Gr(n H h r t , F x X • • • X V t ). 

These maps evidently respect the tautological bundles: 

i*E{r,V) = E(r,W), and 

fE( n + --- + r t ,V 1 x---xV t )^ E(r u V x ) x ■ • • x E(r t , V t ). 

We specialize to the case when W c V = A" is a hyperplane and £ C A™ a complementary line (so that 
Gr(l,£) = S). Then the closed immersions i: Gr(r, W) Gr(r, V) and j: Gr(r — 1,W) <^-> Gr(r, V) have 
disjoint images and are complementary in the following sense. The inclusion i : Gr(r, W) ^4- Gr(r, V) \ Im(j') 
is the zero section of a rank r vector bundle 

p: Gr(r, V) \ Im(j) -4 Gr(r, W) 

whose fiber over an S'-point P € Gr(r, is the vector bundle of r-planes in P ®£ not containing t. Similarly, 
the inclusion j : Gr(r — 1, W) ^4 Gr(r, V) \ Im(i) is the zero section of a rank n — r vector bundle 

q: Gr(r, V) \ Im(i) -4 Gr(r - 1, W) 

whose fiber over P £ Gr(r — 1, W) can be identified with the vector bundle of lines in a complement of P 
that are not contained in W. 

Lemma 2.3. The inclusion i induces an equivalence 

Th(E(r,W)) ~ Th(£(r, ^)| Gr(r , y) ^ Im(j) ), 

and </ie inclusion j an equivalence 

Th(E(r-l,W) x ~ Th(£(r,V)| Gr(riV)xImW ). 

Proof. The vector bundles P(r, VT) and E(r, V)|G r (r,vis.im(j) are pullbacks of one another along the inclusion 
i and its retraction p. It follows that they are strictly A 1 -homotopy equivalent in the category of vector 
bundles and fiberwise isomorphisms. In particular, the complements of their zero sections are A 1 -homotopy 
equivalent, and therefore their Thorn spaces are equivalent. The second statement is proved in the same 
way. □ 

Lemma 2.4. Let W C V = A™ be a hyperplane with complementary line I. Then 

(1) the cofiber of i: Gr(r, W) <->• Gr(r, V) is stably (n — r)- connective; 

(2) the cofiber of j : Gr(r — 1, W) Gr(r, V) is stably r -connective; 

(3) the cofiber of Th(£(r, W)) ^4 Th(_E(r, V)) is stably n-connective; 

(4) the cofiber ofTh(E(r - 1, W) x E(1J)) ^ Th(E(r, V)) is stably 2r -connective. 

Proof. By the preceding discussion, the cofiber of i is equivalent to 

Gr(r, V0/(Gr(r, V) \ Im(j)) 



which is stably (rt — r)-connective by Lemma 2.2 The proof of (2) is identical. 
By Lemma 2.3 the cofiber in (3) is equivalent to 

Th(P(r, V))/ Th(E(r, V)\ Gl(r:V) ^ mU) ). 

This quotient is isomorphic to 

E(r,V)/(E(r, V)^Im(j)) 

which is stably n-connective by Lemma 2.2 The proof of (4) is identical. □ 
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The Hopf map is the projection h: A 2 \ {0} — > P 1 ; let C(h) be its cofiber. The commutative diagram 



A 2 x {0} 



£(1,2) \ P 1 < >E(1,2) 

(where £(1,2) is the tautological bundle on P 1 ) shows that C(h) ~ Th(£(l,2)). Thus, we have a canonical 
map C(h) — > MGLi = colim„_ i . 00 Th(E(l,n)). Using the bonding maps of the spectrum MGL, we obtain 
maps 

(2.5) S 2r - 2 ' r - 1 C*(/i) -> MGL r 
for every r > 1, and in the limit we obtain a map 

(2.6) E- 2 '- 1 S°°C(/i) MGL. 

Lemma 2.7. TTie map ( |2.6[ ) induces an equivalence (S _2 ' _1 I] 00 C(/i))<o — MGL< . 
Proof. In view of Lemma |l.l[ it suffices to show instead that (2.5) induces an equivalence 

(£ 00 £ 2 ''- 2 <'- 1 C(/i))< r ~ (S°°MGL r )< r , 



for every r > 1. The map (2.5) is the composition of the maps 



Th(£(l, i) x ( f -' i+1 ) x E(i - l,i)) -> Th(J5(l, 1) X ('- J ) x J5(i, i + 1)) 
for 2 < z < r, followed by the maps 

Th(E(r, n)) -> Th(E(r, n + 1)) 



for n > r + 1. The former have stably (r + z)-connective cofiber by Lemma 2.4 (4), and the latter have stably 
(n + l)-connective cofiber by Lemma 



equivalences in §J{(5)< r . Lemma 



1.1 



2.4 (3). Since r + i > r + 1 and n + 1 > r + 1, all those maps become 
finishes the proof. □ 



Recall that there are canonical equivalences A 2 \ {0} ~ 5 3 ' 2 and P 1 ~ S 2,1 in JC^S 1 ), and hence h 
stabilizes to a map 

rj: £ M 1 -> 1. 

Theorem 2.8. TTie wnii 1 — > MGL induces an equivalence (1/t])<q ~ MGL< . 



Proof. Follows from Lemma 2.7 and the easy fact that the composition 



1/77 



t — 2 , — 1 oo 



E°°C(/i) -> MGL 



is the unit of MGL. 



□ 



Corollary 2.9. The spectrum MGL is connective. 



Proof. Follows from Theorem 2.8 since 1/rj is obviously connective. 



□ 



Remark 2.10. Suppose that S is essentially smooth over a field. Combined with the computation of 7r n n (l) 
over perfect fields from |Morl2( Remark 6.42], Theorem 1.3 and Lemma A. 7 (1), Theorem 2.8 shows that for 
any X £ Sm/S, 7r_ n _ n (MGL)(X) is the nth unramified Milnor if -theory group of X. 
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3. Complements on motivic cohomology 

3.1. Spaces and spectra with transfers. Let 5 be a base scheme and let R be a commutative ring. We 
begin by recalling the existence of a commutative diagram of symmetric monoidal Quillen adjunctions 

Sm/S ► Got(S, R) 



(3-1) 



Spc*(S)^^S P c tr (S, R) 

. tttr . 



Spt(S) 



HR A 




Spttr(5,i?) 



Mod fffl . 

For a more detailed description and for proofs we refer to |R0O8[ §2] (where Z can be harmlessly replaced with 
R). The homotopy categories of §pc tr (5, R) and Spt tT (S,R) will be denoted by 3t tT (S, R) and S^K t r(<S', R), 
respectively. For the purpose of this diagram, the model structure on §pc*(S') is the projective A^Nisnevich- 
local structure, i.e., it is the left Bousfield localization of the usual projective model structure on simplicial 
presheaves. Similarly, §pt(5 l ) is endowed with the projective stable model structure, i.e., the left Bousfield 
localization of the levelwise model structure. 

The category Cor(5, R) of finite correspondences with coefficients in R has as objects the separated smooth 
schemes of finite type over 5*. The set of morphisms from X to Y will be denoted by Coifi(X, Y); in the 
notation and terminology of |CD09[ §8.8.1], it is the i?-modulc c (X Xj Y/X, Z) ® R, where cq(X/S, Z) is 
the group of finite Z-universal S'-cycles with domain X. Then Cor(S', R) is an additive category, with direct 
sum given by disjoint union of schemes. It also has a monoidal structure given by direct product on objects 
such that the graph functor T: Sm/S — > Coins', R) is symmetric monoidal. 

§pc tr (S', R) is the category of additive simplicial presheaves on Cor(5, R), endowed with the projective 
A 1 -Nisnevich-local model structure. The functor 

R tl : Spc*(S) ^§ pCtl (S,R) 

is the unique colimit-preserving simplicial functor such that, for all X G Sm/S*, Rt T X + is the presheaf on 
Got(S,R) represented by X. Its right adjoint w t r is the obvious forgetful functor; it detects equivalences 
and hence, since homotopy colimits can be computed objectwise, it preserves sifted homotopy colimits. The 
tensor product ®r on Spct r (S', R) is the composition of the "external" cartesian product with the additive 



left Kan extension of the monoidal product on Gor(S, R) (see the proof of Lemma 3.9 for a formulaic version 
of this definition). Since the cartesian product on Spc(5) is obtained from that of Srn/S in the same way, 
R tr has a symmetric monoidal structure. 

§pttr(>S', R) is the category of i?t r S ,2,1 -spectrum objects in §pcti(S, R) with the projective stable model 
structure, and the stable functors i?t r and utr are defined levelwise. The Eilenberg-Mac Lane spectrum 
HR is by definition the monoid wtr-Rtrl- This immediately yields the monoidal adjunction (<&,'!') between 
§pttr(5 l , R) and Modjjij, which completes our description of diagram ( |3.1[ ). 

We make the following observation which is lacking from [R0O81 §2]. 

Lemma 3.2. The functor u tI : 8>pt tr (S, R) — > Spt(S') detects equivalences. 

Proof. It detects levelwise equivalences since w tr : §pc tT (S, R) — > §pc^(S) detects equivalences. Define a 
functor Q : Spt(S') — > Spt(S') by (QE) n = Hom(5 2,1 , E n+ i) (with action of £„ induced by that of E Il+ i), 
and let Q°°E = colim^oo Q n E. Similarly, let Q tr : §pt tr (5,-R) Spt tr (5',i?) be given by (Qt T E) n = 
Hom(i?t r S' 2 ' 1 , E n+ i). Then a morphism / in Spt(S') (resp. in Sptt r (<S', R)) is a stable equivalence if and only if 
Q°°{f) (resp. Qtr'(/)) is a levelwise equivalence. The proof is completed by noting that u tI Q^ = Q°°itt r . O 

Recall that an £fi?-module is called cellular if it is an iterated homotopy colimit of i?i?-modules of the 
form TP' q HR with p,q € Z. Similarly, an object in Sptt r (<S', R) is cellular if it is an iterated homotopy colimit 
of objects of the form R tr T l p,q l with p,q & Z. 
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Lemma 3.3. The derived adjunction (L<I>, R'l') between T>(HR) and S!H tT (S, R) restricts to an equivalence 
between the full subcategories of cellular objects. 

Proof. The proof of |R0O8[ Corollary 62] works with any ring R instead of Z. □ 

3.2. Eilenberg Mac Lane spaces and spectra. Denote by A op Modi? the category of simplicial i?-modules 
with its usual model structure. Then there is a symmetric monoidal Quillen adjunction 

A op Mod R §pc tI (S, R) 

where cA is the "constant additive presheaf" with value A. It is clear that c preserves equivalences. It is easy 
to show that this adjunction extends to a symmetric monoidal Quillen adjunction 

Sp(A op Mod ii ) SpttrCS, R) 

where Sp(A op Modi?) is the category of symmetric spectra in A op Modi{ with the projective stable model 
structure. Explicitly, the functor c is given by the formula 

{A , A 1: A 2 , ...)>-> (cA , i? tr G m ® fl cA 1: i? tr (G^ 2 ) ® fl cA 2 , ...). 

Of course, Sp(A op Mod^) is Quillen equivalent to the model category of unbounded chain complexes of 
i?-modules. 

If p > q > and A £ A op Mod^, the motivic Eilenberg-Mac Lane space of degree p and of weight q with 
coefficients in A is defined by 

K{A(q),p) =u tI (R tr S™<E> R cA). 

Note that HR = utrc(E°°i?), where R is viewed as a constant simplicial i?-module. More generally, for any 
A G Sp(A op Modii), we define the motivic Eilenberg-Mac Lane spectrum with coefficients in A by 

HA = u tx cA. 

Since u tr is lax monoidal, HA is a module over the monoid HR. If A € A op Mod^, the symmetric spectrum 
H(T,°°A) is given by the sequence of motivic spaces K(A(n),2n) for n > 0. It is clear that the space 
K(A(q),p) and the spectrum HA do not depend on the ring R. 

Note that the functors i?tr and ®ij do not preserve equivalences and that we did not derive them in our 
definitions of K(A(q),p) and HA. We will now justify these definitions by showing that the canonical maps 

(3.4) u tr (LR tI S p ' q ®£ cA) -> K(A(q),p) and 

(3.5) u tr LcA -> HA 

in Jt^S 1 ) and SJ^S 1 ), respectively, are equivalences. In particular, if A is an abelian group, our definition of 
K(A(q),p) agrees with the definition in [VoelOal §3.2] (which in our notations is u tr (LZtr>S' p ' 9 ®\ cA)). 

Remark 3.6. Our definitions have the advantage of directly realizing HR and HA as commutative monoids 
and modules in the symmetric monoidal model category §pt(5). For the purposes of this paper, however, 
all we need to know is that HR is an Eoo-algebra in the underlying symmetric monoidal (oo, l)-category 
and that HA is a module over it; the reader who is familiar with these notions can take the left-hand sides 
of (3.4) and (3.5) as definitions of K(A(q),p) and HA and skip the proof of the strictification result (which 
ends with Proposition 3.11). 

Lemma 3.7. Let G be a group object acting freely on an object X in the category §pc*(S l ) or Spc^S 1 , R). 
Then the quotient Xj G is the homotopy colimit of the simplicial diagram 

■■• ^GxGxX^GxX^.X. 

Proof. This is true for simplicial sets and hence is true objectwise. Objectwise homotopy colimits are 
homotopy colimits since there exist model structures on Spc*(S') and Spc^S, R) which are left Bousfield 
localizations of objectwise model structures. □ 
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Lemma 3.8. Let Y C X be an inclusion of objects in §pct r (5', R) or Spt tr (S', R). Then 

X < >Y 



->Y/X 



is a homotopy pushout square. 

Proof. As there exists a stable model structure which is a left Bousfield localization of a levelwise model 
structure, levelwise homotopy colimits of spectra are homotopy colimits and therefore it suffices to prove the 
result in §pc tI (S, R). Let 2 denote the one-arrow category and let Q: §pc tr (S, R) 2 — > Spc tT (S,R) denote the 
functor (Y — > X) X/Y. This functor preserves equivalences between cofibrant objects for the projective 
structure on Spc tr (5 l , R) 2 , and our claim is that the canonical map l*Q(Y X) Q(Y — > X) is an 
equivalence when Y — > X is an inclusion. Factor Q as 

S P c tr (S,i?) 2 -^S pCtl .(S,R) A ° P ^>Spc tI (S,R), 

where B sends Y — >• X to the simplicial diagram 

••■ ^Y®Y®X^Y®X z4X. 

Since §pc tr (S l , R) is left proper, B preserves equivalences. Assume now that Y — > X is an inclusion. Then by 
Lemma |3.7[ the canonical map 

hocolimS(r X) -> colim B(Y -> X) = Q(Y -> X) 

is an equivalence. Let Y — > X be a cofibrant replacement of Y —> X, so that LQ(Y —> X) ~ Q(y — ► X). 
Then Y — > X is a cofibration in §pc tr (S', i?) and hence an inclusion. In the commutative square 

hocoli mJ B(f -> X) — =-> Q(y -> 1) 



hocolimB(y ->• X) Q(y ->■ A), 

the top, bottom, and left arrows are equivalences, and hence the right arrow is an equivalence as well, as was 
to be shown. □ 

An object in §pc*(S l ) (resp. §pct T (S, R)) will be called flat if in each degree it is a filtered colimit of finite 
sums of objects of the form X + (resp. R tr X + ) for X G Sm/S. Cofibrant replacements for the projective 
model structures can always be chosen to be flat. Note that the functors 

R tr : Specs') -» §pc t r(5, R) and 
<g> fl : §pc tr (5, R) x S pCtT {S,R) -> §pc t ,(S,R) 

preserve flat objects. Moreover, by [VoelObi Theorem 4.8], i?t r preserves objectwise equivalences between flat 
objects, and so does T ® R — for any T e Bpc tT (S, R). 

For every F G §pctr(S', R), we define a functorial resolution e: L^F F where L^F is flat. Let C denote 
the set of objects of Cor (5, R). The inclusion C <^-> Cor(5, i?) induces an adjunction between families of sets 
indexed by C and additive presheaves on Cor (5, R). The associated comonad L has the form 

LF = RtrX + ®F(X). 

Here and in what follows, the unadorned tensor product is the right action of the category of sets; that is, 
Rt T X + <g) F(X) = F pq Rt r X + . The right adjoint evaluates an additive presheaf F on each U € C. Thus, 
the augmented simplicial object e: L*F —> F induced by this comonad is a simplicial homotopy equivalence 
when evaluated on any U G C, and in particular is an objectwise equivalence. If F € §pc tr (S', R), L*F is 
defined by applying the previous construction levelwise and taking the diagonal. 

Lemma 3.9. IfT£ §pc tr (5, R) is flat, then T <S>r — preserves objectwise equivalences. 
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Proof. Since it preserves objectwise equivalences between flat objects, it suffices to show that, for any 
F £ §pc tr (S,R), T® R e: T® R L*F — > T® R F is an objectwise equivalence. By the definition of £*, we 
can obviously assume that T and F are functors Cor(5, R) op — > Ab, and since filtered colimits preserve 
equivalences, we can further assume that T is R tr X + for some X £ §m/S. Given U £ 6, we will then define 
a candidate for an extra degeneracy operator 

s F : (R tI X + ® R F){U) ->■ (R tI X + ® R LF)(U). 

Given a finite correspondence ip: U Y, define the correspondence ipu '■ U — > Y x U by 

(3.10) ipu = [ip x idc/)o Ac/. 

By definition of ® R , we have 

(R tI X + ® R F)(U) = I (Cov R (C,X) x F(D))®Cot r (U,Cx D), 



and since i? tr is monoidal, 

(i? tr X + ® fl LF){U) = Cor fl (tf, IxY)» F(Y). 
Yee 

Given (</?, x)®ip£ (Cor R (C, X) x F(D)) ® Cor R (LT, C x £>), let 

(sf)c,b((¥>,3;) <8> V 1 ) = (v? ° -0i)t/ ® ^fc) 

in the summand indexed by U. One checks that this is a dinatural transformation and hence induces the 
map sf- A straightforward computation shows that L n+1 (e)s^+i F = SL™FL n (e) for all n > 0, which takes 
care of all the identities for a contraction of the augmented simplicial object except the identity esf = id 
which is slightly more involved. 

Start with (ip, x) ® ip £ (Cov R (C, X) x F(D)) ® Cor ii (J7, C X D), representing the element [(tp, x) <g> ip] £ 
(Rt r X + ® R F)(U). The identity ip = (p\ x ip 2 ) o ipu, which follows at once from (3.10 1, shows that the element 
((p,x)(g)ip is the pushforward of (ip, x) <£> ipu under the pair of correpondences p± : C x D — > C and ip2 ■ U — x D. 
In the coend, it is therefore identified with the pullback of that element, which is 

(ipo Pl ,ijj*(x)) ® Ipu- 

Let 

(Cor fl (C, X) x Cor il ( J D, Y)) ® Cor fl (t7, Cxi?)® F(F) 
Yee 

(Cor fl (C, X) x F[D)) ® Cot r {U, C x D) 



be the family of maps inducing e in the coends. By (3.101, we have (ip o pi x idu) ° "0c/ = ° ipi)u- This 
shows that the element (99 o ipi)u ® "02 ( a; ) * s represented by 

[<p o pi, idcr) ® 0c/ ® 02 (s) G (Cor fl (C x D, X) x Cor fi (t7, [/)) ® Cor R ([7, Cxflx[/)8 F((7), 

and we have 

Le.,es F ([(ip,x)®ip]) = [(<p,x)®ip]. □ 

Proposition 3.11. Le£ X € A op Sm/S cmd Zet Zi, . . . , Z„ &e simplicial subschemes of X such that all the 
intersections Z^ Xx • • • x^ Zi r are smooth. Let 

Y=X/({£ =1 Z i )eSpc*(S). 

Then for any F £ §pCti(S, R), the canonical map is an equivalence. 

Proof. Call a pointed space Y good if hR tr Y ® R F — x i?t r F <Ei R F is an equivalence. We prove that any 
pointed space of the form Xj (UILi ^i) 1S good by induction on n. For n = 0, we must show that X + is good 
for X £ A op Sm/S. Let X — x X + be an objectwise equivalence where X is projectively cofibrant and flat. 
Then LR tI X + (g)^, F ~ Rt T X <E> R L*F and we must show that the composition 

R tr X ® R L*F -> R tr X + ® R L*F -> R t ,X+ (g> R F 
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is an equivalence. The first map is an objectwise equivalence because X 1 X + , and L*F are all flat. The 
second is also an objectwise equivalence by Lemma |3.9| 

Suppose that n > 1. Then X/ (1J™ =1 Zi) is the quotient of Xj (U"^ Zi) by the subspace Z n j (%n x x 
Zi)), both of which are good by induction hypothesis. Lemma |3 ,8| implies that a quotient of good spaces is 
good, so we are done. □ 



Any sphere S p ' q is of the form considered in Proposition 3.11 which immediately shows that 
is an equivalence, as promised. Further, it shows that the functors EjJ 1 : Spc tr (5, R) 
c: Sp(A°PMod fl 



3J 

§pttr(S', R) and 



§ptt r (S, R) preserve equivalences, and in particular that (3.5) is an equivalence 



Proposition 3.12. 

(1) For any p > q > 0, the functor K(—(q),p) : A op Modi{ — > Spc*(5') preserves sifted homotopy colimits 
and transforms finite homotopy coproducts into finite homotopy products. 

(2) The functor H: Sp(A op Modij) — > Spt(S') preserves all homotopy colimits. 

Proof. We have already observed that the functor u tx : §pc tI (S, R) —> §pc*(S') preserve sifted homotopy 
colimits, and it clearly transforms finite sums into finite products. This proves (1). The stable functor 
u tr : §pt tr (<S', R) — > Spt(S') preserves sifted homotopy colimits since they can be computed levelwise, but it 
also preserves finite homotopy colimits since it is a right Quillen functor between stable model categories. It 
follows that it preserves all homotopy colimits, whence (2). □ 

Note that any i?-module A is a sifted homotopy colimit in A op Mod/j of finitely generated free i?-modules: 
if A is flat then it is a filtered colimit of finitely generated free i?-modules, and in general A admits a 
projective simplicial resolution of which it is the homotopy colimit; further, any simplicial i?-module is the 



sifted homotopy colimit of itself as a diagram of i?-modules. Thus, part (1) of Proposition 3.12 gives a recipe 
to build K (A(q),p) from copies of K(R(q),p) using finite homotopy products and sifted homotopy colimits. 
Part (2) of the proposition gives in particular the Bockstein cofiber sequences 



(3.13) 
(3.14) 



HZ 4 HZ -» HZ 1 1 and 
HZ/l -4 HZ/l 2 HZ/l. 



Let / : T —> S be a morphism of base schemes, and denote by /* the induced derived base change functors. 
Note that /* commutes with the "constant functor" c. For any p > q > and any A g A op Modfl there is a 
canonical map 



(3.15) 

adjoint to the composition 
Li? tr .f Utr (Li? tr S™ 



f*K(A(q),p) s ^K(A(q),p) q 



rcA) 



cA)~LR t J*S p s ' q ®\ fcA 



f*LR tl .u tr (LR tl .S p s ' q € 

Similarly, for any A € Sp(A op Modfl) there is a canonical map 
(3.16) f *HA s -> HA T . 

Theorem 3.17. Let S and T be essentially smooth schemes over a base scheme U , and let f: T 



cA. 



S be 



U -morphism. Then (3.15) and (3.16) are equivalences 



Proof. We may clearly assume that S = U so that / is essentially smooth. Let us consider the unstable case 
first. It suffices to show that the canonical map 



(3.18) 



«tr -> Utrf 



is an equivalence. If / is smooth, then the functors /* have left adjoints ft such that f^LR tr ~ Li? tr /j, and 
so (3.18) is an equivalence by adjunction. In the general case, let / be the cofiltered limit of the smooth maps 
S. Let J G Ktr(S, R). To show that f*u u S 



Utrf*3 is an equivalence in J£*(T), it suffices to 
Map(X+, f*utr J) -> Ma P (X+, u t J* J) ~ Map(L J R tr X + , f*3) 



fa- T t 

show that for any X G Sm/T, the induced map 
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is an equivalence. Write X as a cofiltered limit of smooth T^-schemes X a . Then by Lemma A. 5 the above 
map is the homotopy colimit of the maps 

Map((X Q )+, /> tr J) -»■ Map(Li? tr (X Q ) + , /*?) 



which are equivalences since f a is smooth. The proof that (3.16) is an equivalence is similar, using Lemma A. 7 



instead of Lemma IA.51 □ 



Remark 3.19. Using Lemma A. 7 (1), one immediately verifies the hypothesis of [Pell2, Theorem 2.12] for an 



essentially smooth morphism /: T — > S. Thus, for every q € Z, we have a canonical equivalence f*s q ~ s q f* . 



By Theorem 3.17 the equivalence sqI ~ HZ proved over perfect fields in |Lev081 Theorems 9.0.3 and 10.5.1] 
holds in fact over any base scheme S which is essentially smooth over a field. Since both s q and H preserve 
homotopy colimits, we deduce that, for any A £ Sp(A op .Ab), 

'HA if <7 = 0, 



s q HA 



otherwise. 



3.3. Representability of motivic cohomology. We prove that the Eilenberg-Mac Lane spaces and 
spectra represent motivic cohomology of essentially smooth schemes over fields. If fc is a field and X is a 
smooth fc-scheme, the motivic cohomology groups H p ' q (X, A) are defined in MVW06, Definition 3.4] for any 
abelian group A. By [MVW06, Proposition 3.8], these groups do not depend on the choice of the field k on 
which X is smooth. More generally, if X is an essentially smooth scheme over a field k, cofiltered limit of 
smooth fc-schemes X a , we define 

H p > q (X,A) = colim a H p ' q (X a ,A). 

This does not depend on the choice of the diagram (X a ) since it is unique as a pro-object in the category of 
smooth fc-schemes ( (Irolili. Corollaire 8.13.2]). Moreover, by MVW06, Lemma 3.9], this definition is still 
independent of the choice of fc. 

Let now fc be a perfect field and let DM '~(k, R) be Voevodsky's triangulated category of effective 
motives: it is the homotopy category of bounded below AMocal chain complexes of Nisnevich sheaves of 
i?-modules with transfers. Normalization defines a symmetric monoidal functor 

N: J£ tr (fc,#) -> DM cff <-(fc,i?) 

(see [VoelOai §1.2]) which is fully faithful by [VoelOal Theorem 1.15]. By [MVW061 Proposition 14.16] 
(where fc is implicitly assumed to be perfect), for any X £ Sm/fc and any i?-module A there is a canonical 
isomorphism 

(3.20) H p ' q (X,A) = [NLR tI X + ,A(q)[p}} 

for all p,q £ Z, where the chain complex A(q) £ DM cff ,_ (fc, R) is defined as follows: if q > 0, A(q) — 
N(LR tr S q ' q <g)^ A)[-q], and if q < 0, A(q) = 0. Moreover, by |Voe03[ Theorem 2.4], we have bistability 
isomorphisms 

(3.21) [NLR tI F, A(q) [p]] = [iVL J R tr S''' s J F, A(q + s) [p + r]} 

for every p, q £ Z, r > s > 0, and F £ J£ + (fc). Since N is fully faithful, we have, for every F £ !K*(fe) and 
every p > q > 0, 

(3-22) [NLR tl .F,A(q)[p]} S [F, K(A(q),p)]. 

Theorem 3.23. Assume that S is essentially smooth over a field. Let A be an R-module and X £ Sm/S*. 
For any p > q > and r > s > 0, there is a natural isomorphism 

H P-^-\X,A) - [Y, r ' s X + , K(A(q),p)]. 

For any p,q £ Z, there is a natural isomorphism 

H M (X,A) S [^X+^HA]. 

Proof. Suppose first that S is the spectrum of a perfect field fc. Then the first isomorphism is a combination 
of the isomorphisms (3.20), (3.21), and ( |3.22[ ). From the latter two it also follows that the canonical maps 



(3.24) K(A(q),p) k -> Q r - S K (A(q + s),p + r) k 

are equivalences, so the second isomorphism follows from the first one and the definition of HA. 
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In general, choose an essentially smooth morphism /: S — > Speck where k is a perfect field, and let 
/* : !K* (k) — > JC* (S) be the corresponding base change functor. Let / be the cofiltered limit of the smooth 
morphisms f a : S a — > k, and let X be the cofiltered limit of the smooth S^-schemes X a . By Theorem |3.17[ 
/* K(A(q),p) k ~ K{A{q) 1 p) s . By Lemma |A~5| (1), we therefore have 



[X r > s X +) K(A(q),p)s] = colim Q [ST s (X a ) + , f a K(A(q),p) k }. 
Using the left adjoint (f a )$ of /*, we obtain the isomorphisms 

[^ s (X a ) + J* a K(A(q),p) k ] = [X r ' s (X a ) + ,K(A(q),p) k ] S H p ~ r ' q ~ s (X a ,A). 
Finally, the colimit of the right-hand side is H p ~ r ' q ~ s (X. A) by definition. The second isomorphism can 



either be proved in the same way, using Lemma A. 7 or it can be deduced from (3.24) and the fact (observed 



in Appendix[A} that f*Q r > s ~ fl r ' s f* . □ 

The following corollary summarizes the standard vanishing results for motivic cohomology (which we use 
freely later on). 

Corollary 3.25. Assume that S is essentially smooth over a field. Let X £ Sm/S* andp,q € Z satisfy any 
of the following conditions: 

(1) q < 0; 

(2) p > q + ess dim X; 

(3) P > 2q; 

where ess dim X is the least integer d such that X can be written as a cofiltered limit of smooth d-dimensional 
schemes over a field. Then, for any abelian group A, [T,° X + , Y, p ' q HA] = 0. 



Proof. By Theorem 3.23 we must show that H p ' q (X, A) = 0. If X is smooth over a field, we have 
H p ' q (X, A) — when q < or p > q + dim A by definition of motivic cohomology and [MVW06, Theorem 
3.6], respectively. If X is smooth over a perfect field and p > 2q, then H p ' q (X, A) — by MVW06, Theorem 
19.3]. For general X the result follows by the definition of motivic cohomology of essentially smooth schemes 
over fields. □ 

If S is smooth over a field, recall from |MVW06l Corollary 4.2] that 
(3.26) H 2 > l {S,7i) ^Pic(S). 



This generalizes immediately to schemes S that are essentially smooth over a field. It follows from Theorem 3.23 
that the motivic ring spectrum HR € SJt(S') can be oriented as follows. Given X € Sm/S* and a line bundle 
L over X, define Ci(£) € i/ 2,1 (A, R) to be the image of the integral cohomology class corresponding to the 
isomorphism class of £ in Pic(X). By the universality of MGL QNS0O9a] Theorem 3.1]), this orientation is 
equivalently determined by a morphism of ring spectra 

tf: MGL ->■ HR. 

Moreover, if S and T are both essentially smooth over a field and if / : T — » S is any morphism, then the 
canonical equivalence f*HRs — HRt of Theorem |3 . 1 7| is compatible with the orientations; this follows at once 



from the naturality of the isomorphism (3.26). In other words, through the identifications /*MGLs ~ MGL^ 



and f*HR s ~ HR T , we have /*(??s) = #t- 



4. Operations and co-operations in motivic cohomology 

In this section, the base scheme S is essentially smooth over a field and I ^ char S is a prime number. We 
recall the structures of the motivic Steenrod algebra over S and its dual, and we compute the iJZ/Z-module 
HZ/lAHZ. 

4.1. Duality and Kunneth formulas. In this paragraph we formulate a convenient finiteness condition on 
the homology of cellular spectra that ensures that their homology and cohomology are dual to one another 
and satisfy Kunneth formulas. We write H for HR where R is any commutative ring. Given an ii-module 
M, we denote by Af v its dual in the symmetric monoidal category 'D(H). Note that if M — H A E, then 
7T**M is the motivic homology of E and ir-*-*M v is its motivic cohomology (with coefficients in R). 
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Remark 4.1. We always consider bigraded abelian groups as a symmetric monoidal category where the 
symmetry is Koszul-signed with respect to the first grading, cf. NS0O9b, §3]. For any oriented ring spectrum 
E, is a commutative monoid in this symmetric monoidal category. 

An ii-module will be called split if it is equivalent to an iJ-module of the form 

\jTP a ' q "H. 

a 

Split H- modules are obviously cellular, but the converse need not hold (even if R is a field). Note that if M 
is split, the family of bidegrees (p a , q a ) is uniquely determined: this is a consequence of Corollary 3.25 (or of 
Remark [3^191 if M ~ V/ p qe z ^ p ' 9 HV p ^ q where V Ptq is an i?-module, then V Piq = ir P:q s q M). 



Lemma 4.2. Let M and N be H-modules. The canonical map 

tt^M <2>h„ 7r*,iV -> 7r,*(M A H N) 

is an isomorphism under either of the following conditions: 

(1) M is cellular and 7r**iV is flat over H**; 

(2) M is split. 

Proof. Assuming (1), this is a natural map between homological functors of M, so we may assume (2), in 
which case the result is obvious. □ 



Lemma 4.3. For an H -module M , the following conditions are equivalent: 

(1) M is split; 

(2) 1L**M is free overw^H; 

(3) M is cellular and 7r**-M is free over ir**H . 

Proof. It is clear that (1) implies (2) and (3). Assuming (2) or (3), use a basis of 7r*»M to define a morphism 
of _ff-modules V Q £ p "' 9q H — > M. This morphism is then a 7r M -isomorphism (or a 7r** -isomorphism between 
cellular iJ-modules) and so it is an equivalence. □ 

Definition 4.4. A split ii-module is called psf (short for proper and slicewise finite) if it is equivalent to 
V a £ Pa ' 9a £f where the bidegrees (p a , q a ) satisfy the following conditions: they are all contained in the cone 
Q > 0, p > 2q, and for each q there are only finitely many a such that q a = q. 

This condition is satisfied in many interesting cases. For example, if E is the stabilization of any 
Grassmannian or Thorn space of the tautological bundle thereof, or if E = MGL, then E is cellular and 
the calculus of oriented cohomology theories (cf. |5.1[) shows that H^E is free over -ff**, with finitely many 



generators in each bidegree (2n, n); it follows from Lemma 4.3 that H A E is psf. Later we will show that, for 



R = Z/l with / 7^ char S a prime number, HAH and H A HZ are psf. 




Figure 1. (a) The proper cone, (b) If d — ess dim A, the shaded area is the potentially 
nonzero locus of H*~ p '*~ q (X; R) according to Corollary 3.25 If for every (p, q) and every 
d there are only finitely many bidegrees (p a ,qa) in the shaded area, it follows that the 
canonical map V Q TP a,qa H — > J\ a Yj Po " q <*H is a Tr^-isomorphism. 
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Proposition 4.5. Let M and N be psf H -modules. Then 

(1) M A H N is psf; 

(2) M v is split; 

(3) the pairing M v Ah M — > H is perfect; 

(4) the canonical map M v Ah N v — > (M Ah N) v is an equivalence; 

(5) the pairing n**M ®h,* it**M — > i?** is perfect; 

(6) the canonical map 7r**-M <S)h«, tt**N — > 7r**(M Ah N) is an isomorphism; 

(7) the canonical map tt**M v ®h„ tt**N v — > 7r**(M Ah N) v is an isomorphism. 



Proof. (1) is clear from the definition. Let M — \J Y, Pa > qa H. Corollary 3.25 and the psf condition imply 
that the canonical maps 

yX?«.ff«ff-> Jj£P«.<faff and ys-P--««fr^ JJ jff 

a a a a 

are equivalences (compare Figure [l] (a) and (b)). This implies (2), (3), and (4). In particular, the two 
inclusions 7r**E ±Pa,±9a .Z? Y[ a 7r **^ ±Pa ' ±q ° : H are isomorphisms, which shows (5). (6) is a just special 



case of Lemma 4.2 and (7) follows from (2), (4), and Lemma 4.2 □ 



4.2. The motivic Steenrod algebra. For the rest of this section we fix a prime number I ^ charS 1 , and 
we abbreviate K(Z/l(n),2n) to K n and HZ/l to H. We denote by A** the motivic Steenrod algebra at I. 
By this we mean the algebra of all bistable natural transformations H**(—, Z/Z) — > H**(—, Z/Z) (as functors 
on the pointed homotopy category that is, 

A**=\im n ^ 00 H*+ 2n -*+ n (K n ). 

In |Voe03[ §9], the reduced power operations 

pi e 

are constructed for all i > 0, provided that S be the spectrum of a perfect field. It is easy to show by 
inspection of their definitions that if / : Spec k' — ¥ Spec k is an extension of perfect fields, then, under the 
identifications f *K n ~ K n and /* H ~ H , we have f*(P z ) — P % . If S is essentially smooth over k, the 
reduced power operations over k therefore induce reduced power operations over S which are independent of 
the choice of k. 

Given a sequence of integers (eo, i\, e\, . . . , i r , e r ) satisfying ij > 0, ej £ {0, 1}, and ij > lij+i + Cj, we can 
form the operation (3 e °P 11 . . . pv^r^ w here (3: H — >• S 1,0 i7 is the Bockstein morphism defined by the cofiber 



sequence (3.14); the analogous operations in topology form a Z/Z-basis of the topological mod Z Steenrod 



algebra A*, and so we obtain a map of left i?**-modules 
(4.6) H** A* -> A* 



Lemma 4.7. The map (4.6 I is an isomorphism. In particular, the algebra A** is generated by the reduced 



power operations P l , the Bockstein (3, and the operations M4 au for a G H**(S, Z/Z). 

Proof. If S is the spectrum of a field of characteristic zero, this is |Voel0al Theorem 3.49]; the general case is 
proved in IHK013I . □ 

By a split proper Tate object of weight > n we mean an object of JC tI (S, Z/Z) which is a direct sum of 
objects of the form LZ/l tI S p ' q with p > 2q and q > n. 

Lemma 4.8. UL/l% T K n is split proper Tate of weight > n. 

Proof. If S is the spectrum of a field admitting resolutions of singularities, this is proved in |Voel0a( Corollary 
3.33]; the general case is proved in |HK013| . □ 

Lemma 4.9. The canonical map H** H — » A** is an isomorphism. 
Proof. This map fits in the exact sequence 

-> lim 1 H p - 1+2n ' q+n {K n ) -> H pq H -> limH p+2n ' q+n (K n ) -> 0, 
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and we must show that the lim 1 term vanishes. By Lemma 4.8, LZ/Z tr -Z^n — T, 2n ' n M n where M n is split 
proper Tate of weight > 0. All functors should be derived in the following computations. Using the standard 
adjunctions, we get 

H p - 1+2n ' q+n (K n ) S [S°°ii: n ,S p - 1+2n ' 9+n i7Z//] S [^Z/l tT K n ,^ p ~ 1+2rhq+n Z/l tr l] 

= [S 2l ^ n S^M„,S p - 1+2 "^ +n Z// tr l] = [Eg , Af n ,E p - 1 '«Z/i tr l]. 

To show that lim 1 [S^Af„, £ P ~ 1,9 Z/Z tr l] — 0, it remains to show that the cofiber sequence 

E£M„ -> ££M„ -> hocolim™ E£Af„ 

n>0 n>0 

splits in SJCtr(S l , Z/Z). If S is the spectrum of a perfect field, this follows from |Voel0al Corollary 2.71]. 
In general, let / : S — > Spec k be essentially smooth where k is a perfect field. Then by Theorem |3.17| 
f*M n ~ M n , so the above cofiber sequence splits. □ 



As a consequence of Lemma 4.9 H**E is a left module over .A** for every spectrum E. The proof of the 
following theorem was also given in |DI101 §6] for fields of characteristic zero. 

Theorem 4.10. H AH is a psf H -module. 



Proof. By Lemma [48} LZ /l t T K n ~ £ 2n <"Af„ where M n is split proper Tate of weight > 0. By jVoelOai 
Corollary 2.71] and Theorem |3. 17 hocolirrin^oo M n is again a split proper Tate object of weight > 0, i.e., 
can be written in the form 

hocolimM„ ~ LZ/i tr S p °* 

a 

with p a > 2q a > 0. In the following computations, all functors must be appropriately derived. We have 

Z/l tr H ~ Z/ZtrColimXr 2 ™'-"!] 00 ^ ~ colim E" 2 ™ -"E^Z/Ztr-^n 

~ colim Sr 2 "'- ,l £^£ 2 ™' n M„ ~ colim E£M n ~ colim M„ 

a a 

in particular, Z/l tl H — &(H A H) is cellular. By Lemma |3~3{ we obtain the equivalences 

H AH ~H A y-E°°S Pa ' qa ^\f^ p "' q "H 



in D(H). It remains to identify the bidegrees (p a , q a ). By Theorem 3.17 we may as well assume that S is the 



spectrum of an algebraically closed field, so that H**(S, Z/Z) = Z/Z[r] with r in degree (0, 1). By Lemma 4.9 
we have 

A** [H,Z**H] = [H A H, 'E**H]h = ]J[H, E*~ Pa '*~ 9a ii] ff = J[ H*- p "'*- q " . 



On the other hand, by Lemma |477] A p ' q is finite for every p, q € Z. This implies that the above product is a 
direct sum, and hence that the bidegrees (p a , q a ) are the bidegrees of a basis of A** over H**; in particular, 
H AH is psf. □ 



By Theorem 4.10 and Proposition 4.5 (7), we have 

H**{H AH) = H**H(g> ? H**H, 

where the tensor product ®? introduces the relations ax ® y = x ® ay for a € H** . The multiplication 
H A H — >• iJ therefore induces a coproduct 

A: /r* ->./r* 

If S 1 is the spectrum of a perfect field, this coproduct coincides with the one studied in |Voe031 §11] by virtue 
of |Voe03[ Lemma 11.6]. 
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4.3. The Milnor basis. Let A-*,-* denote the dual of A** in the symmetric monoidal category of left 
ii**-modules. Theorem 4.10 and Proposition 4.5 show that A** is in turn the dual of A-* t -* and that, for 
any i > 0, 

H^(H M )=Af: 

(the tensor product being over if**). In particular, (7i**,.A**) is a Hopf algebroid. Moreover, the canonical 
map 

■A** ®h„ H**E -> H**(H A E) 

is an isomorphism for any E G §J{(S I ), so that H^^E is a left comodule over 71**. 
Define a Hopf algebroid (A, T) as follows. Let 

A = Z/l[p,r], 

T = A[r ,Ti,.. .,6,6, ■ ■■}/( T z - T &+i - Pn+i - prod+i)- 
The structure maps 77^, 77^, e, and A are given by the formulas 

j] L :A^T, rj L (p)=p, 
Vl{t) = t, 
T] R :A^r, T]R (p)=p, 

Vr(t) = t + pr , 
e-.T^A, e(p) = p, 
e(r) = r, 
c(t p ) = 0, 

c(Cr) = 0, 

A:r^.r® A r, A(p) = p®i, 

A(r) = r® 1, 

r-1 

A(r r ) =r r (g)l + l(8)T r + ^ (g) n, 

i=0 
r-1 



A(&) = &■ ® 1 + 1 ® + XX-i ® & 



The coinverse map c: L — > L is determined by the identities it must satisfy. Namely, we have 

c{p) = P, 

c(r) = t + pr , 



c(r r ) = -r r - ^Cr-i c (n), 

r-1 

c(er)=-er-E^- C fe)- 



( = 1 

We will not use this map. 

We view H** as an A-algebra via the map A — >• if** defined as follows: if I is odd it sends both p and r to 
0, while if I = 2 it sends p to the image of — 1 € G m (5) in 

H^ 1 = H} t (S,fx 2 ) 

and r to the nonvanishing element of 

#0,-1 = = Hom(7r (S), Z/2) 

(recall that char £ ^ 2 if i = 2). We will also denote by p, t E ii** the images oi p,r £ A under this map; so 
if/^2,p = r = 0in iJ**. All the arguments in this paper work regardless of what p and r are, and with 
this setup we do not have to worry about the parity of I from now on. 
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Theorem 4.11. .A** is isomorphic to T <8>a if** with 

|r r | = (2Z r - 1, l r - 1) and |f r | = (2/ r - 2, r - 1). 

T/ie map if** — > A** dual to the left action of A** on H** is a left coaction of {A,T) on the ring if**, and 
the Hopf algebroid (if**, A**) is isomorphic to the twisted tensor product of (A,T) with if**. 

This means that 

• ./i** = r & a if** ; 

• r/L and e are extended from (A, V); 

• r/fj/. ii** — > A** is the coaction; 

• A: A** — > A** (&h„ A** is induced by the comultiplication of T and rjn to the second factor; 

• c: .A** — > A** is induced by the coinverse of T and rjR. 



Proof of Theorem J^.ll. If S is the spectrum of a perfect field, this is proved in |Voe031 §12]. In general, 
choose an essentially smooth morphism / : S — > Spec k where k is a perfect field. Note that the induced map 
(iffc)** — > (ifs)** is a map of A-algebras. It remains to observe that the Hopf algebroid A** is obtained from 
(iifc)**^ by extending scalars from (ift)** to (iis)**, which follows formally from the following facts: /* is 
a symmetric monoidal functor, /*(ift) ~ Hg as ring spectra (Theorem 3.171, and H£ l is a split if^-module 
(Theorem [4l0| . □ 

As usual, for a sequence E — (eo, ei, • ■ ■ ) with € {0, 1} and ej = for almost all i, we set 
and for a sequence R = {r\,ri, . . .) of nonnegative integers (almost all zero) we set 



m = ere 



Sequences can be added termwise, and we write R' C i? if there exists a sequence R" such that i?' + R" = R. 
We write for a sequence of zeros. 

The products t(E)£(R) form a basis of .A** as a left if**-module. If p(E,R) G A** is dual to t(E)£(R) 
with respect to that basis, then 

= Q(£)P« = Q£>Qf ...P* 
where Q(E) is dual to r(E), Qi to n, and P fl to £(i?), and we have P" = P">°>°>- and /3 = Q - We set 

ft = P e * 

where eo = and, for i > 1, e,- is the sequence with 1 in the ith position and elsewhere. By dualizing the 
comultiplication of A** we see at once that, for i > 1, 

Q i = q i (3-pq i and g, = P r ^ . . . P l P 1 . 

The following lemma completely describes the coproduct on the basis elements p(E,R). It is proved by 
dualizing the product on A**. Explicit formulas for the products of elements p(E, R) are more complicated, 
so we will not attempt to derive them. 

Lemma 4.12 (Cartan formulas). 

. A(P«) = £ E=(eo , eii ... ) Zr 1+ r 2 =r-e r^>- a e 'Q(E)P^ ® Q(E)P R i; 

• A(Qi) = Qi ® 1 + 1 ® Qi + £* =1 Y,E 1+ E 2 ={i-j+i,i-i] P 3 Q i -M E i) ® Qi-jQ{E 2 ). 

It is also easy to prove that the subalgebra of A** generated by p and Qi, i > 0, is an exterior algebra 
in the Qi's over Z/l[p] C if** (but the algebra generated by Q t and if**, which is the left if**-submodule 
generated by the operations Q{E), is not even commutative if p ^ 0). 

A well-known result in topology states that the left and right ideals of A* generated by Q i: i> 0, coincide 
and are generated by Qo as two-sided ideals. This can fail altogether in the motivic Steenrod algebra: for 
example, if p ^ 0, Qqt and tQq are the unique nonzero elements of degree (1, 1) in the right and left ideals 
and Qqt — tQq = p, so neither ideal is included in the other and in particular neither ideal is a two-sided 
ideal. It is true that the ff**-bimodules generated by those various ideals coincide, but this is not very useful. 

Lemma 4.13. The left ideal of A** generated by {Qi \ i > 0} is the left if** -submodule generated by 
{p(E,R)\E^H>}. 
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Proof. Define a matrix a by the rule 



P R Q(E)= J2 af,%p(E',R'). 

E',R> 

Then a%) R R , is the coefficient of £(R) <g) t(E) in A(t(E')£(R')). The only term in A(£(i?')) that can be a 
factor of <S) t(_E) is ® 1, so we must have R! C R for OgJ^/ to be nonzero. If R = R' , we must 

further have a term 1 ® r(-E') in A(r(£")), and it is easy to see that this cannot happen unless also E = E' , 
in which case £(R) ® t(£?) appears with coefficient 1 in A(r(-E)£(-R)). It is also clear that a ^, = if E ^ 0. 



Combining these three facts, we can write 



P R Q(E)=p(E,R)+ J2 a E EI R R ,p{E',Ri). 



So we can use induction on the C-order of R to prove that for all E ^ 0, p(E, R) is an H** -linear combination 
of elements of the form P R Q(E') with E' ^ 0. In particular, p(E, R) is in the left ideal if E ^ 0, which 
proves one inclusion. 

Conversely, let p(E, R)Qi be in the left ideal. Given what was just proved this is an H **-linear combination 
of elements of the form P R Q(E')Qi\ because the Qi's generate an exterior algebra, such an element is 
either or ±P R Q(E") with E" ^ 0. The above formula shows directly that this is in turn an i/**-linear 
combination of elements of the desired form. □ 

We will denote by IP** the left TJ^-submodule of A** generated by the elements it is clearly a left 

yi**-comodule algebra (but it is not a Hopf algebroid in general, since it may not even be a right i?**-module). 
As an H** -algebra it is the polynomial ring -ff**[£i,£2, •••]• 

Corollary 4.14. The inclusion <-> .A** is dual to the projection A** -> A** /A**(Q Q , Qi, . . . ). 

Proof. Follows at once from Lemma |4.13| □ 

4.4. The motive of HZ. Denote by M the basis of .A** formed by the elements t(E)£(R). Since A** = 
7r*»(i? AH), M defines a map of H- modules 

(4.15) \J £ lcl # -+H AH 



which is an equivalence because H A H is a cellular H- module (Theorem 4.10|. 

Let B: H — > Y> la HZ be the Bockstein morphism defined by the cofiber sequence (3.13). This cofiber 
sequence induces the short exact sequence 

— > H^HZ — > H^H ^ H**E lfi HZ — > 0. 

Since j3 is the composition of B and the projection HZ —> H, it shows that H^HZ = ker(/3*), and since /3 is 
dual to To, this kernel is the i?**-submodule of .A** generated by the elements t(E)^(R) with e = 0. Denote 
by Mz C M the set of those basis elements. 

Theorem 4.16. The map 

y Z^H^HAHZ 

CeM z 

is an equivalence of H -modules. 



Proof. In D(H), we have a commutative diagram 



V ElCltf ► \/ E^H > y E^H 



\4.15\ i 7 

V 

H A HZ > HAH > H A E lfi HZ 
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in which both rows are split cofiber sequences and a is to be proved an equivalence. First we show that the 
diagram can be completed by an arrow 7 as indicated. Let 7 be 

CeM\M z (eM z 

where the equality is a reindexing. The commutativity of the second square is obvious. Applying w^* to 
this diagram, we deduce first that 7r M (a) is a monomorphism, whence that 7T\„(7) is a monomorphism, and 
finally, using the five lemma, that 7[ M (a) is an isomorphism. □ 

5. The motivic cohomology of chromatic quotients of MGL 

In this section we compute the mod I motivic cohomology of "chromatic" quotients of algebraic cobordism 
as modules over the motivic Steenrod algebra. The methods we use are elementary and work equally well to 
compute the mod I singular cohomology of the analogous quotients of complex cobordism, such as connective 
Morava if -theory, at least if I is odd (if Z = 2 the topological Steenrod algebra has a different structure and 
some modifications are required). The motivic computations require a little more care, however, mainly 
because the base scheme has plenty of nonzero cohomology groups (even if it is a field) . 

Throughout this section the base scheme S is essentially smooth over a field. 

5.1. The Hurewicz map for MGL. Let E be an oriented ring spectrum. We briefly review some standard 
computations from [VezOll §3-4] and |NS0O9bl §6]. If BGL r is the infinite Gr assmannian of r-planes, we 
have 

(5.1) £?**BGL r = E**[[ci, Cr]], 

where is the ith Chern class of the tautological vector bundle. This computation is obtained in the limit 
from the computation of the cohomology of the finite Grassmannian Gr(r, n), which is a free E** -module of 
rank (™). From |Hu051 Theorem A.l] or [Rio05l Theoreme 2.2], we know that E°°Gr(r, n) + is dualizable in 
SJC(S). If X is the dual, then the canonical map 

E^X ® E „ E„Y -> E„(X A Y) 

is a natural transformation between homological functors of Y that preserve direct sums, so it is an 
isomorphism for any cellular Y. It follows that the duality between E°°Gr(r, n) + and X induces a duality 
between £ , **Gr(r, n) and E^X = E~*~*Gr(r,n). In the limit we obtain canonical isomorphisms 

E**BGL r = Hom E ..(B_ t _»BGL r ,.E**), 

i?**BGL r — Hom^^^ c{E *' *BGL r , £?**), 

where HomE„ lC denotes continuous maps for the inverse limit topology on E**BGh r . Taking the limit as 
r — > 00, we get duality isomorphisms for BGL. There are Kiinneth formulas for finite products of such spaces. 
Now BGL has a multiplication BGL x BGL — > BGL "classifying" the direct sum of vector bundles, which 
makes E**BGL into a Hopf algebra over E** . From the formula giving the total Chern class of a direct sum 
of vector bundles we obtain the formula for the comultiplication A on E**BGL = E**[[ci,C2, ■■■}]'■ 

A(c n ) = X! Ci ® c r 

i-\-j=n 

If j3 n E i?**BGL denotes the element which is dual to c™ with respect to the monomial basis of _E**BGL, 
then fto = 1 and it follows from purely algebraic considerations that the dual i?** -algebra i^BGL is a 
polynomial algebra on the elements j3 n for n > 1 (see for example |MM79I p. 176]). Since the restriction map 
E**BGL -> E**P°° simply kills all higher Chern classes, the /3„'s span E^P°° C E^BGL. 

The multiplication MGL, r A MGL S — > MGL r+s is compatible with the multiplication BGL r x BGL S — > 
BGL r+s under the Thorn isomorphisms, and so the dual Thorn isomorphism i? M BGL = i^*MGL is an 
isomorphism of i?**-algebras. Thus, i?**MGL is also a polynomial algebra 

E mm MGL = E mm [bi,b a ,...], 

where b n £ i5 2 n,nS~ 2, ~ 1 MGL 1 is dual to the image of c" by the Thorn isomorphism 

^^poo ^ ^** S -2,-i MGLl _ 
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The case r = 1 of the computation (5.1 1 shows that we can associate to E a unique graded formal group 



law Fe over E(2,i)* such that, for any pair of line bundles £ and M over X £ Sm/S, 

ci(£®M) = F E (ci(L),ci(M)). 

The elements b n £ MGL**MGL are then the coefficients of the power series defining the strict isomorphism 
between the two formal group laws coming from the two obvious orientations of MGL A MGL. If we recall 
that the stack of formal group laws and strict isomorphisms is represented by a graded Hopf algebroid (L, LB) 
where L is the Lazard ring and LB = L[b±, b 2 , . . .], we obtain a graded map of Hopf algebroids 

(L,LB) -> (MGL (a ,i)„MGL (a ,i)»MGL) 

sending b n to b n £ MGL2 ra , n MGL (see |NS0O9bl Corollary 6.7]). We will often implicitly view elements of L 
as elements of MGL** through this map, and for x £ L n we simply write \x\ for the bidegree (2n,n). 

Recall from §3.3| that HR is an oriented ring spectrum such that -ffi?** carries the additive formal group 
law (since [C M] = [£] + [M] in the Picard group). It follows that we have a commutative square 



(5.2) 



>R[h,kt, 



MGL** > HR,MGL 



where the horizontal maps are induced by the right units of the respective Hopf algebroids. Explicitly, the 
map h R classifies the formal group law on R[bi,b 2 , ...] which is isomorphic to the additive formal group law 
via the exponential J2 n >o bnX n+1 - 

Let I C L and J C Z[b 1 ,b 2 , . . .} be the ideals generated by the elements of positive degree. By Lazard's 
theorem f |Ada74[ Lemma 7.9]), hz induces an injective map {I/I 2 ) n <^-» (J/J 2 ) n — Z whose range is IZ if 
n + 1 is a power of a prime number I and Z otherwise. If a n £ L n is an arbitrary lift of a generator of (I/I 2 ) n , 
it follows easily that L is a polynomial ring on the elements a n , n > 1. 

Definition 5.3. Let / be a prime number and r > 0. An element v £ Lp_i is called l-typical if 

(1) h z/l (v) = 0; 

(2) h z ^2(v) ^ modulo decomposables. 

For every r > 0, there is a canonical Z-typical element in namely the coefficient of x l in the ^-series 

of the universal formal group law. Indeed, since the formal group law classified by hz/i is isomorphic to 
the additive one, its i-series is zero, so condition (1) holds. For r > 1, one can show that the image of that 
coefficient in (I/I 2 )ir_ 1 generates a subgroup of index prime to I (see for instance |Lurl0l Lecture 13]); since 
hz identifies (I/I 2 )ir_i with a subgroup of (J/J 2 )/r_ 1 of index exactly I, condition (2) holds. 

Remark 5.4. Lazard's theorem shows in particular that hz'- L — > Zi[b±, b%, . . .] is injective. It follows from the 



commutative square (5.2 1 that L — > MGL** is injective if S is not empty. A consequence of the Hopkins-Morel 



equivalence is that the image of L is precisely MGL( 21 )* if S a field of characteristic zero (see Proposition 7.2) 



5.2. Regular quotients of MGL. From now on we fix a prime number I. We abbreviate HZ /I to H and 
hz/i to h. By Lazard's theorem, h(L) C Z/?[&i,&2j ■ ■ ■] is a polynomial subring Z/l[b' n \ n ^ l r — 1] where 
b' n = b n modulo decomposables. We choose once and for all a graded ring map 

tt: Z/l{b 1 ,b 2 ,...]=Z/l[b' 1 ,b 2 ,...}^h(L) 

which is a retraction of the inclusion. For example, we could specify 7r(6/r_ 1 ) = for all r > 1, but our 
arguments will work for any choice of tt and none seems particularly canonical. 

Theorem 5.5. The coaction A : i/**MGL — > .A** <S>h„, i?**MGL factors through CP** (g) Z/l[bi, b 2 , . . .} and 
the composition 

i/**MGL T** <g> Z/l[h, b 2 , ...} CP** ® h(L) 

is an isomorphism of left A**-comodule algebras. 
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Towards proving this theorem we explicitly compute the coaction A of A** on f/**MGL. Since it is an 
ii**-algebra map, it suffices to compute A(6„) for n > 1. Consider the zero section 

s: P» -> MGLi 

as a map in Jf*(S f ). In cohomology this map is the composition of the Thorn isomorphism and multiplication 
by the top Chern class c\. In homology, it therefore sends (3 n to if n = and to 6 n _i otherwise. Thus, 

(5.6) A(6„) = A(s*(/3„ +1 )) = (1 ® s*)A(/3 n+1 ). 



The action of .A** on c" € #**p°° _ ff**[ Cl ] j s determined by the Cartan formulas (Lemma 4.12). For 
degree reasons Qi acts trivially on elements in H ty2 ' 1 ^ l *'P Qa , and we get 

P H {c n 1 )=a n , R c" +]R \ Qi(^)=0, 

where |J?| = J2i>i r i(^ — 1) an< ^ a n,_R is the multinomial coefficient given by 



n 

-Ei>i r i,r-i,r 2 ,.. 
(understood to be if J2i>i r i > 71 )- Dualizing, we obtain 



m+\Ii\—n 



whence by (5.6), 

(5.7) A(6n) = a m+l,R^( R ) ® & « 

JTi+|H|= n 



Lemma 5.8. Tfte H^-algebra map f: i/**MGL — > defined by 

f(bn) 



£_ r ifn = l r -l, 
otherwise. 



is a map of left A^-comodules. 



Proof. If m is of the form V — 1, then the coefficient a m +i.n vanishes mod I unless R — V "e^ for some i > 0, 
in which case a m+ i y n = 1 and m + \R\ = l r+l — 1. Comparing (5.7) with the formula for A(£ r ) shows that / 
is a comodule map. □ 



Proof of Theorem \5.5\ The formula (5.7) shows that A factors through CP** <£> Z/Z[&i, &2, • ■ ■ ]• Let g be the 
map to be proved an isomorphism. Note that it is a comodule algebra map since A is and 7r is a ring map. 
Formula (5.7) shows further that g is extended from a map 

g: Z/l[b 1 ,b a ,...]->Z/l[Z 1 ,& t ...]®h(L). 

If n + 1 is not a power of I, we have 

g(b' n ) = l®b' n 

modulo decomposables by definition of 7T, whereas for r > we have, by Lemma 5.8 

= £ r <8> 1 

modulo decomposables. These congruences show that 5 is surjective. Now g is a map between Z/Z-modules 
of the same finite dimension in each bidegree, so g and hence g are isomorphisms. □ 



The isomorphism g of Theorem |5.5| is certainly not a map of L-modules, but it is easy to modify it so that 
it preserves the L-module structure as well. To do this consider the if** -algebra map 

/: CP** -> ff**MGL, /(&.) = g~\tr ® 1), 

which is clearly a map of ,A**-comodule algebras. 

Corollary 5.9. The map f and the inclusion of h(L) induce an isomorphism 

CP** <g) h(L) ~ iJ**MGL 
of left A** -comodule algebras and of L -modules. 
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Proof. We have g (£ r <g> 1) = &;r_j modulo decomposables. It follows that the map is surjective and hence, 
as in the proof of Theorem |5.5[ an isomorphism. □ 



Now is a good time to recall the construction of general quotients of MGL. Given an MGL-module E and 
a family (xi)i^i of homogeneous elements of 7r**MGL, the quotient E/(xi)i e i is defined by 

E/(xi) ieI = E Amgl hocolim{ il ,... )iji } C j(MGL/a: il A M gl ■ ■ • A M gl MGL/x ik ), 

where the homotopy colimit is taken over the cofiltered poset of finite subsets of I and MGL/x is the cofiber 
of x: E^MGL — > MGL. It is clear that E/(xi)i<zi is invariant under permutations of the indexing set I. 

Let x € L be a homogeneous element such that h(x) is nonzero. Then multiplication by h(x) is injective 
and so there is a short exact sequence 

->■ if«£ |:r| MGL ->■ if**MGL ->■ if** (MGL/x) ->■ 0. 



It follows that if** (MGL/x) = fi**[&i, £>2 7 • ■ • ]/h{x) and, by comparison with the isomorphism of Corollary 5.9 
we deduce that the map 

?, t <g> h{L)/h(x) -> ff,»(MGL/i) 

induced by / and the inclusion is an isomorphism of left .A^-comodules and of L-modules. Let us say that a 
(possibly infinite) sequence of homogeneous elements of L is h-regular if its image by h is a regular sequence. 
By induction we then obtain the following result. 

Lemma 5.10. Let x be an h-regular sequence of homogeneous elements of L. Then the maps f and 
h{L)/h{x) if** (MGL/x) induce an isomorphism 

?** <g> h(L)/h(x) = if** (MGL/x) 

of left A**-comodules and of L-modules. 

We can now "undo" the modification of Corollary |5.9| 



Theorem 5.11. Let x be an h-regular sequence of homogeneous elements of L. Then the coaction of A** on 
if** (MGL/x) and the map tt induce an isomorphism 

if** (MGL/x) = D 5 ** ® h{L)/h{x) 

of left A^^-comodules. 

Proof. Let g be the isomorphism of Lemma |5.10| and let g be the map to be proved an isomorphism. Then 
gg(l ® b) = 1 ® 6 modulo decomposables and gg(£ r <8> 1) = £ r ® 1, so g<? and hence g are isomorphisms by the 
usual argument. □ 

If x is a maximal Zi-regular sequence in L, i.e., an Zi-regular sequence which generates the maximal ideal in 
h(L), then, by Theorem 5.11 the coaction of A** on ii»*(MGL/x) and the projection Z/Z[&i,Z>2, ...]—> Z/Z 
induce an isomorphism 

if** (MGL/x) = D 5 ** 

of left .A^-comodules. Note that this isomorphism does not depend on the choice of tt anymore and is 
therefore canonical. 

As we noted in £4T if A MGL is a psf if- module. Dualizing Theorem 5J3 and using Corollary |4. 14 we 
deduce that the map 

A**/A**(Q , Qi, . • • ) ® h i L Y ~> ff**MGL, [tp]®mh+(p(m), 

is an isomorphism of left ./l**-module coalgebras. Here the inclusion h(L) v <—} if**MGL is dual to tt. If x is 
an Zi-regular sequence in L, the computation of ff**(MGL/x) shows, with Lemma 4.3 that if A MGL/x is a 
split direct summand of if A MGL, so it is also psf. By dualizing Theorem 5.11 we obtain a computation of 
if** (MGL/x). For example, if x is a maximal Zi-regular sequence, we obtain that the map 

A**/A**(Qo,Qi, ...)-► if** (MGL/x), [<p] ^ <p{#), 

where d: MGL/x — »• if is the lift of the Thorn class, is an isomorphism of left ,A**-modules. 
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5.3. Key lemmas. Recall that d: MGL — > H is the universal Thorn class. 

Lemma 5.12. Let R = (r 1 ,r 2 , ...). Then P R (<&) G if **MGL is dual to ]J i>1 b\t_ x G H^MGL. 



Proof, -d is dual to 1, so we must look for monomials m G Z/i[6i, 62 
form <8) 1. By Lemma 
must be Ui>i b ^- V 



5.8 



] such that A(m) has a term of the 
such a term can only appear if m is a monomial in bp_i, and this monomial 

□ 



Lemma 5.13. Let r > and n = V — 1. Let u G L„ 6e an l-typical element, MGL/v — > ff the unique 
lift of the universal Thorn class, and 5 the connecting morphism in the cofiber sequence 



E 2n <"MGL A MGL — > MGL/v 



->2n+l,n 



MGL. 



Then the square 



MGL/v 
H 



-> S 2 " +1 ^"MGL 

S 2n+l,n 1 , 



-> E 



2n+l,n 



if 

commutes up to multiplication by an element ofZ/P . 

Proof. We may clearly assume that S is nonempty and connected, so that if°'°MGL = Z/l with 1? corre- 
sponding to 1. Since iJ 2 " +1 > n MGL = 0,5*: i?°'°MGL J ff 2 "+ 1 -"(MGL/w) is surjective, so it will suffice to 
show that Q r u" 7^ 0. Recall that Qq — /3 and that, for r > 1, Q r = q r (3 — f3q r . In the latter case we have 
(3i3' = for degree reasons. In all cases we must therefore show that /3g r i?' 7^ 0. Consider the diagram of 
exact sequences 



H '"(MGL/u, Z/l 



H 2nn (MGL,Z/l 2 ) 



if 0,0 (MGL, Z/l 2 ). 



>£P™<™ (MGL/v) 



-> H 2n ' n MGL 



2n+l,n 



(MGL/v) 



2n+l,n 



MGL 



By Lemma 5.12 q r § is dual to b n . Thus, an arbitrary lift of q r D to 7i 2 "' n (MGL, Z/l 2 ) has the form x + ly 



where x is dual to b n and y is any cohomology class, and we must show that v* (x + ly) 7^ 0. By duality, 

(v*(x + ly),l) = (x + ly,v*(l)) = (x + ly,h z /p(v)). 

Since v is /-typical, (ly, hz/p (v)) = and (x, h z /p ( v )) 7^ 0, so v* (x + ly) 7^ 0. □ 

Lemma 5.14. Assume that S is the spectrum of a field. Let v G L be a homogeneous element and let 
p: MGL -t MGL/v be the projection. Lf x G H 2n > n (MGL/v) is such thatp*(x) = 0, then /3(x) = 0. 

Proof. Since p*(x) = 0, x = S*(y) for some y, where S : MGL/v E^E^MGL. Since S is the spectrum of a 
field, we must have y = Xz for some A G H l > l (S,Z/l) and z € ff( 2 ' 1 )*MGL. But then (3(y) = f3(\)z+\(3(z) = 0, 
whence f3(x) — 0. □ 

Lemma 5.15. Assume that S is the spectrum of a field. Let x G £f 2n ' ra MGL and let x' be a lift of x in 
H 2n - n (MGL/l). Then the square 



MGL// 



> E 1 -°MGL 



^2n,n 



H 



is commutative. 
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Proof. Since /3(x) = 0, x lifts toie # 2 "" n (MGL, Z/P) and it is clear that the square 

i 



MGL 



-> MGL 



commutes, so there exists y: MGL// — > E 2n,Tl _ff such that = x and j3(y) = S*(x). In particular, we have 

p*(x') =p*(y). By Lemma [5~l"4| we obtain /3(x') = f3{y) = S*(x). □ 



Lemma 5.16. Let i > and let v € L be a homogeneous element such that the coefficient o/6;«_x m hz/p(v) 
is zero. If $' : MGL/v — > H lifts the universal Thorn class, then Qifi' = 0. 

Proof. Since Qi and "d are compatible with changes of essentially smooth base schemes over fields, we may 
assume without loss of generality that S is a field. We first consider the case \v\ = 0. Then v is an integer 
which must be divisible by I. If moreover i — 0, then we assumed v divisible by I 2 so that = 0. If i > 1, 
we may assume that v — I since & factors through MGL/Z. By two applications of Lemma 5.15, we have 
Pqrf' = 5*qi<d = qi 5*$ = qiPtf, whence Qrf' = - fatf = 0. 

Suppose now that \v\ > 1. Then j3i}' = for degree reasons, so we can assume i > 1 and we must show 
that fiqi'd' = 0. Let n = Z* — 1 and consider the diagram of exact sequences 



ff 2n ' n (MGL/t),Z/I 2 ) 



ff 2n '"(MGL,Z/Z 2 ) 



l (MGL/v) 



2n+l,n 



(MGL/d) 



-> if '"MGL 



2n+l,n 



MGL 



fl**.n(El"lMGL > Z/i a ). 



By Lemma |5.12| e ff 2 "'"MGL is dual to 6„. Let a: € if 2 "'"(MGL, Z/Z 2 ) be dual to b n , so that x lifts 
For any m € if** (MGL, Z/Z 2 ), 

(v*(x),m) = (o;,i;*(m)) = (x,h z/l 2(v)m) = 

since 6 n is the only monomial with which a; pairs nontrivially. Thus, v* (x) — and x lifts to an element 
x e H 2n ' n (MGL/v,Z/l 2 ). Let y be the image of x in if 2n > n (MGL/u). Then p*y = qrf = p*q i 'd', and hence, 
by Lemma [5T4l = /3y = 0. □ 

5.4. Quotients of BP. 

Lemma 5.17. Let E be an MGL-module and let x G L be a homogeneous element such that h(x) = 0. If 
if A E is psf then if A E/x is psf. 

Proof. Since h(x) — 0, we have a short exact sequence 

H.„E ->■ H.„(E/x) -> H tt E lfi E^E -> 0. 

This sequence splits in if M -modules since the quotient is free, so we deduce from Lemma [4. 3| that 

if A E/x ~ (if A E) V (if A E^E^E). 

Since |x| is of the form (2n, n), it is clear that if A -E/x is psf. □ 

Lemma 5.18. Let E be an MGL-module and let x € L be a homogeneous element such that h(x) — 0. If 
H„i,E is projective over if** MGL, so is H**(E/x). 

Proof. The short exact sequence 

-> if**.E -> H„{E/x) -> if^E 1 ' !!^^ -> 

splits in ff**MGL-modules. □ 
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Theorem 5.19. Let B be a quotient o/MGL by a maximal h-regular sequence, I a set of nonnegative 
integers, and for each i € I let Vi G L i i_ 1 be an l-typical element. Then there is an isomorphism of left 
A** -modules 

A**/A**(Qi | %i I) £* H**(B/( Vi 
given by [ip] H ► </3(i?), where *&: B/(vi \ i £ I) H is the lift of the universal Thorn class. 

Proof. We may clearly assume that I is finite, and we proceed by induction on the size of I. If / is empty, 



the theorem is true by Theorem 5.11 Suppose it is true for I and let r ^ I. Let E = B/(vi \ i € I). Since E 



is a cellular MGL-module and if** (MGL/i> r ) is flat over ff^MGL by Lemma 5.18 the canonical map 
i?»£®ff„MGL i?»*(MGL/u r ) -> H„(EA MGh MGL/vr) = H„{E/v r ) 



is an isomorphism. By Lemma 5.17 all the fi-modules if A MGL, H A E, HA MGL/w r , and H A E/v r are 
psf. If we dualize this isomorphism and use Proposition |4.5[ we get an isomorphism 



H**(E/v r ) =H**ED H „ MGL H**(MGL/v r ), 
where ■d on the left-hand side corresponds to ■d ® d on the right-hand side and the A** -module structure on 



the right-hand side is given by ip ■ (x ® y) = A((p)(x ® y). By the Cartan formula (Lemma 4.12 1, 



i=i 



for some t/>j € .A** ®? .A**. By Lemma 5.16 Qii? € ff**(MGL/t) r ) is zero when i ^ r. By induction 



hypothesis, A(Q r )(i? ® i?) = i? ® <2 r tf and, if i £ JU {r}, A(Qi)(i? <8> <?) = 0. The latter shows that the map 
\<p\ i-> A(</j)(i? (g) i?) is well-defined. We can thus form a diagram of short exact sequences of left A**-modules 



A**/A**(Qi \i$I) A**/A**{Q % {r}) » A**/A**(Q l 



H**E □ if **MGL 



1 □ S" 



■> H**E □ H**{MGL/v r ) 



-» H**E □ if** MGL 



(where the cotensor products are over ff**MGL). The right square commutes because the image of 1 G 
A** / A** (Qi | z ^ JU {r}) in the bottom right corner is $ ® ■& either way. For the left square, the two images 
of 1 are $ £g) <5* i9 and A(Q r )(i? ® i?) = i? ® Qr^- Lemma 5.13 then shows that the left square commutes 



up to multiplication by an element of Z/Z x , so the map between extensions is an isomorphism by the five 
lemma. □ 

Remark 5.20. The title of this paragraph is justified by the fact that the motivic Brown-Peterson spectrum 
at I, which can be defined using the Cartier idempotent (as in |Vez01|, §5]) or the motivic Landweber exact 
functor theorem (INS0O9b, Theorem 8.7]), is equivalent as an MGL-module to MGL(;)/i where x is any 
regular sequence in L that generates the vanishing ideal for Z-typical formal group laws. This is in fact a 



consequence of the Hopkins-Morel equivalence (see Example 7.13). Since such a sequence x is a maximal 



/i-regular sequence, Theorem 5.19 specializes a posteriori to the computation of the mod / cohomology of 
quotients of BP. 



Remark 5.21. If we forget the identification of A** provided by Lemma 4.7, all the results in this section 
remain true as long as we replace .A** by its subalgebra of standard Steenrod operations. In topology, the 
equivalence B / (vq, v\, . . . ) ~ H7i/l can easily be proved without knowledge of the Steenrod algebra, and so 
the topological version of Theorem 5.19 (with I = {0, 1, 2, . . . }) gives a proof that the endomorphism algebra 



of the topological Eilenberg-Mac Lane spectrum HZ/l is generated by the reduced power operations and the 
Bockstein. 

Example 5.22. As a counterexample to a conjecture one might make regarding the cohomology of other 
quotients of MGL than those we considered, we observe that if I — 2, v € £3 is 2-typical, and i £ if 4 ' 2 (MGL/ii) 
is a lift of the dual x to b^, then Q\& is nonzero. By (5.7), we have 



A(6 3 ) = 1 ® 63 + ^ ® &i + £ 2 ® 1 + 6 
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By an analysis similar to those done in {5.3 we deduce that for any lift y of q\x to mod 4 cohomology, v*{y) 
is nonzero, and hence that Q\x is nonzero. This is only one instance of the following general phenomenon: if 
<g> b n is a term in A(fe/r_ 1 ) that does not correspond to a term in A(£ r ), if v € £;>--i is /-typical, and if 
x e H**(MGL/v) is a lift of the dual to b n , then (3P R (x) is nonzero. 

6. The Hopkins-Morel equivalence 

In this section, S is an essentially smooth scheme over a field (although in Lemmas 6.2 6.6 6.7 and 6.8 it 
can be arbitrary). Let c denote the the characteristic exponent of S, i.e., c = 1 if charS 1 = and c = charS" 
otherwise. 

Definition 6.1. A set of generators a n € L n , n > 1, will be called adequate if, for every prime I and every 



r > 1, air_i is /-typical (Definition 5.3 1 



Adequate sets of generators of L exist: for example, the generators given in |Haz771 (7.5.1)] (where m n 
is the coefficient of x n+1 in the logarithm of the formal group law classified by hz ■ L Z[bi, 62, ■ ■ ■ ]) are 
manifestly adequate. We choose once and for all an adequate set of generators of L and we write 

A = MGL/(oi,oa,...)- 

We remark that, for any morphism of base schemes /: T — > S, there is a canonical equivalence of oriented 
ring spectra /*MGLs ~ MGLt- In particular, the induced map (MGLs)** — > (MGLt)** sends a n to a n and 
there is an induced equivalence f*A s ~ A T . 

Recall that HZ has an orientation such that, if £ is a line bundle over X £ Sm/5 1 , ci(£) is the isomorphism 
class of £ in the Picard group Pic(A) = H 2:1 (X, Z). It follows that the associated formal group law on HZ** 
is additive, and that there is a map A — > HZ factoring the universal Thorn class MGL — > HZ; this map is 
in fact unique for degree reasons. 

Lemma 6.2. A is connective. 



Proof. Follows from Corollary 2.9 since SJ£(5)>o is closed under homotopy colimits. □ 
Lemma 6.3. HZ is connective. 

Proof. By Theorem |3.17| and Lemma |1.2[ we can assume that S = Spec k where k is a perfect field. If 
k C L is a finitely generated field extension, then by 
7r p g (ifZ)(SpecL) = for p - q < 0. By Theorems 



1.7 



MVW06, Lemma 3.9 and Theorem 3.6] we have 
and |1.3l this is equivalent to the connectivity of 



HZ. □ 
Theorem 6.4. The unit 1 — > HZ induces an equivalence (l/r/)<o — HZ<q. 

Proof. By Theorem |3.17| and Lemma |1.2[ we can assume that S — Spec k where A: is a perfect field. By 
Theorem |1.3| and Lemma |6.3| it is necessary and sufficient to prove the exactness of the sequence 

ffi„_l,„_l(l) ^7T„,n(l) ^vT„ „(iJZ) ^0 



for every n € Z. Furthermore, by Theorem \1.7\ it suffices to verify that the sequence is exact on the 
stalks at finitely generated field extensions L of k. Write SpecL = lim a X a where X a g Sm/fc. The 
Hopf map A 2 \ {0} — > P 1 defines a global section of the sheaf 7r 1 1 (1) and in particular gives an element 
V € 7L\ i(l) (Spec L). Since Hom^(SpecL, G m ) = colim Q Homfc(A Q , G m ), any element aeL x defines a germ 
[u] e 7r_i _i(l)(SpecL). By |Morl2l Remark 6.42], the graded ring ® neZ 7r (l)(SpecL) is generated by 
the elements 77 and [u], and there is an exact sequence 

Z r n _ lin _ 1 (l)(SpecL) ^ n n Jl) (Spec L) ^ K M n (L) ^ 7 

where the last map sends [u] G n_ 1 _ 1 (l)(SpecL) to the generator {u} in the Milnor if-theory K^(L). On 
the other hand, combining [MVW06, Lemma 3.9] with |MVW06l §5], we obtain an isomorphism of graded 
rings 

A: K M *{L) -> 07r nin (ffZ)(Speci). 



FROM ALGEBRAIC COBORDISM TO MOTIVIC COHOMOLOGY 



21) 



It remains to prove that the triangle 

0*^(1) (Spec L) > ^ Kn n (HZ) (Spec L) 



nez 



nez 



is commutative. Since it is a triangle of graded rings, we can check its commutativity on the generators r\ 
and [it]. The element r\ maps to in both cases because it has positive degree. By inspection of the definition 
of A, \{u} is the image of u by the composition 

L x = colim Q Hom fe (X Q , G m ) -> colim a [(X a )+, G m ] colim Q [(X Q ) + , u tr Z tr G m ], 



where the last map is induced by the unit G, 
1 ->■ HZ. 



^ r Zt r G m . This is clearly also the image of [u] by the unit 

□ 



Lemma 6.5. MGL<o — > HZ<q is an equivalence. 

Proof. Combine Theorems |2.8| and |6.4| and the fact that MGL — > HZ is a morphism of ring spectra. 



□ 

Lemma 6.6. Let E -> F be a map in SM(S). If HQ A E -> HQ A F and HZ/l A E -> HZ/l A F are 

equivalences for all primes I, then HZ A£-> HZ A F is an equivalence. 

Proof. Considering the cofiber of E F, we are reduced to proving that if HQ A E = and HZ/l A E = 0, 
then HZ A E = 0. Since §>%(S) is compactly generated, it suffices to show that [X 7 HZ A E\ = for every 
compact X 6 SJC(iS). By algebra, it suffices to prove that 

[X, HZ A £] <g> Q = 0, 
[X,HZ AE]<g>Z/l = 0, and 
Tor^LY^Z AE],Z/l) = 0. 



By Proposition 3.12 (2) and the compactness of X, we have [X, HZ A E] ® Q = [X, iJQ A £?], which vanishes 



by assumption. The vanishing of the other two groups follows from the long exact sequence 
[E^X HZ/l A E] — > [X, HZ A E] — — > [X, HZ A E] > [X, HZ/l A E] 



Tor 1 ([X,HZAE],Z/l) 



[X, HZAE]®Z/l 



induced by the Bockstein cofiber sequence HZ — » HZ — > HZ/l. 

Denote by h: MGL** — > HQ**MGL the rational Hurewicz map. 

Lemma 6.7. The sequence (h(a±), hia^), . . . ) is regular in H Q^MGL. 

Proof. By the calculus of oriented cohomology theories we have iJQ^MGL = ifQ^&i, 62, 
u n b n modulo decomposables, for some u n € Z \ {0}. The lemma follows. 



□ 



and h(a r< 



□ 



Lemma 6.8. HQ AA-> HQ A HZ is an equivalence. 

Proof. Because h(a n ) E i/Q^MGL maps to in both iJQ^A and HQ^^HZ, we have a commuting triangle 

ffQ^MGL/(/i( ai ),/i(a 2 ),...) 



HQ^A >HQ„HZ. 
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The map /i is an isomorphism by Lemma 6.7 By |NS0 O9bl Corollary 10.3], HQ is the Landweber exact 
spectrum associated with the universal rational formal group law. In particular, HQ is cellular and the map 
MGL — » HQ induces an isomorphism 

ffZ**MGL Z [ 01 ,o 3 ,...] Q = HZ^HQ. 

This isomorphism can be identified with v since HQ^E = HZ**E ® Q. 

This shows that HQ AA4 HQ A HZ is a -isomorphism, whence an equivalence since both sides are 
cellular HQ- modules (the right-hand side because HQ A HZ ~ iJQ A HQ). □ 

Lemma 6.9. iJZ A A[l/c] — > iJZ A HZ[l/c] is an equivalence. 

Proof. By Lemma |6.6[ it suffices to prove that 

HQ A A[l/c] -> i/Q A £TZ[l/c] and 
HZ// A A[l/c] -> FZ/i A #Z[l/c] 

are equivalences for every prime I. The former is taken care of by Lemma [678] The latter is obvious if I = c. If 



I 7^ c, then by Theorems 4.16 and 5.19 (with I = {1,2, . . . }), HZ/l A A — > i/Z/Z A HZ is a 71%^ -isomorphism 
between cellular i?Z//-modules, whence an equivalence (here we use the hypothesis that the generators a n 
are adequate in order to apply Theorem 5.19). □ 



Lemma 6.10. Let k be a field. Let F <G $"K(k) be such that HZ A F = and let X be a weak MGL-module 
which is r -connective for some r £ Z. Then [F, X] = 0. 

Proof. By left completeness of the homotopy f-structure (Corollary |1.4[ ), there are fiber sequences of the form 

II ^ 1,0 ^<„ -»■ X JJ X<„ JJ X<„ and 

»iez nez nez 

i! 1,0 X<„_i — > — > X<„ — > X< n _i. 

Since X<„ = if n < r, it suffices to show that [E P '°F, K n X] = for every p,n E Z. Since X is a weak 
MGL-module, -Ff n X is a weak iQjMGL-module (see { 1.1 1, so any T, P <°F — > K n X can be factored as 



->K n X 



Thus, it suffices to show that 
(6.11) 

and Lemma 



KqMGL A — > K MGL A K n X. 



XoMGL A F = 0. 



if o MGL ~ MGL< ~ HZ< a . By Lemma |6~3] and GRS012 ( Lemma 2.13], 



By Corollary 2.9 and Lemma 6.5 
the canonical map (HZ A HZ)<o (HZ<q A HZ)<q is an equivalence. Using the fact that the truncation 
E i y E<q is left adjoint to the inclusion §J£(fe)<o C SJC(fc), it is easy to show that the composite 

HZ< -> iJZ< A #Z -> (iiZ< A i?Z)< ~ (FZ A iiZ)< -> HZ< 

is the identity, where the first map is induced by the unit 1 — > HZ and the last one by the multiplication 
HZ A HZ —> HZ. In particular, we get a factorization 

K MGL AF — > i^oMGL A HZ A F 



K MGL A F. 



Since HZ A F = 0, this proves (6.11 ) and the lemma. 



□ 



Theorem 6.12. A[l/c] — > HZ[l/c] is an equivalence. 
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Proof. Let /: S — > Specfc be essentially smooth, where A: is a field. Since $s — f*($k) and f*(a n ) = a>ni we 
may assume that / is the identity. Consider the fiber sequence 

O 1>0 JJZ[l/c] F -> A[l/c] FZ[l/c]. 

Then by Lemma [6. 9| i/Z AF = 0. Recall that A is an MGL-module by definition and that it is connective 



by Lemma 6.2 By Lemma 6.10 we have 

(6.13) [F,A[l/c]]=0. 

Similarly, HZ is a weak MGL-module via the morphism of ring spectra MGL — > HZ, and it is connective 
by Lemma |6.3| By Lemma |6.10| we have 



(6.14) 



[F,n 1 '°HZ[l/c]]=0. 



By (6.13), the map Q} fi HZ[\/c] -> F has a section, which is zero by (6.14). Thus, F = 0. 



□ 



7. Applications 



In this section we gather some consequences of Theorem |6.12| Throughout, the base scheme S is essentially 
smooth over a field of characteristic exponent c. We denote by L the Lazard ring which we regard as a graded 
ring with \a n \ = n. Modules over L will always be graded modules. 

We note that if Theorem |6T2] is true without inverting c, then so are all the results in this section. 

7.1. Cellularity of Eilenberg Mac Lane spectra. 

Proposition 7.1. For any A € Sp(A op Modz[i/ c ]), the motivic Eilenberg-Mac Lane spectrum HA is cellular. 

Proof. Since MGL is cellular, MGL/(a l5 a 2 , . . . )[l/c] is also cellular. This proves the proposition for A = Z[l/c] 
by Theorem 6.12 The general case follows by Proposition 3.12| (2). □ 



7.2. The formal group law of algebraic cobordism. 

Proposition 7.2. Suppose that S is a field. Then the map L[l/c] — > MGL( 2 .i)* [1/c] classifying the formal 
group law o/MGL[l/c] is an isomorphism. 

Proof. We assume c = 1 to simplify the notations. We prove more generally that the induced map 
(7.3) L/(ai, . . .,a k ) n -> 7r 2n>n (MGL/(ai, . . . ,a k )) 

is an isomorphism for all n € Z and k > 0, and we proceed by induction on n — k. Since MGL/(ai, . . . , a k ) is 
connective, the map 

MGL/ (ax, ...,«**)-> MGL/(ai, . . . , o fc+ i) 



induces an isomorphism on iT2n,n as soon as n — k < 0. Taking the limit as k — > 00 and using Theorem 6.12| 
we obtain 



7r 2 „,„(MGL/(ai 



, Cbk)) = TT2n, n HZ 



for n — k < 0, which proves (7.3) in this case since 7T( 2 .i)*^fZ carries the universal additive formal group law. 
If n — k > 0, consider the commutative diagram with exact rows 



L/(ai, . . . , a k ) n -k-i c - 



a.k+1 



->L/(ai 



,a k 



-» L/(ai, . . . ,a k+ i) n 



a,k+l 



(MGL/(oi,...,a fc )) (MGL/(oi,...,a fc )) (MGL/ (ax, ■ ■ ■ , afc+i)). 

By induction hypothesis the left and right vertical maps are isomorphisms. The five lemma completes the 
proof. □ 
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7.3. Slices of Landweber exact motivic spectra. We now turn to some applications of the Hopkins-Morel 
equivalence to the slice filtration. Recall that §3-C cS (S) is the full subcategory of S%(S) generated under 
homotopy colimits and extensions by 

{£P'9£°°X + | X e Sm/S, p E Z, q > 0}. 

This is clearly a triangulated subcategory of §!K(S). A spectrum E G SJi(S) is called t-effective (or simply 
effective if t = 0) if YP^E e §,3i cS (S). The t-effective cover of E is the universal arrow f t E — > E from a 
f-effective spectrum to E, and the tth slice StE of E is defined by the cofiber sequence 

f t+1 E -> f t E -> s {J B -> ^ft+iE. 

Both functors /t : §J{(S f ) — > S!H(5) and Sj : §!K(S) — > SJt(S') preserve homotopy colimits and finite homotopy 
limits. By Remark [3T9] and |GRS012[ Theorem 5.2 (i)], s t has a canonical lift to a functor SJt(S') -> V(HZ). 
It is clear that the slice filtration is exhaustive in the sense that, for every E <G SJ£(5), 



(7.4) 

We say that E is complete if 



E 1 ~ hocolimt^-oo / t _E. 



holim# 



ftE = 0. 



Thus, by (7.4), slices detect equivalences between complete spectra. See |Voe021 Remark 2.1] for an example 
of a spectrum which is not complete. 

We refer to [NS0O9b] for the general theory of Landweber exact motivic spectra. 

Theorem 7.5. Let be a Landweber exact L[l / c]-module and E € §!K(S) the associated motivic spectrum. 
Then there is a unique equivalence of LEL-modules SfE ~ T, 2t t HM t such that the diagram 



7r , MGL ® M t 



K2t,tE 



-> TT , HM t 



^■^2t,tS t E 



commutes. 



Proof. Suppose first that c = 1 and M» = L, so that E = MGL. The assertion then follows from Theorem |6.12| 
and |SpilO Corollary 4.7], where the assumption that the base is a perfect field can be removed in view of 
Remark 3.19 In positive characteristic, it is easy to see that the proofs in |SpilO| are unaffected by the 
inversion of c in Theorem 6.12 and yield the statement of the theorem for = L[l/c]. The result for general 
M* follows as in |Spil2[ Theorem 6.1]. □ 

For M» = _L[l/c], we obtain in particular 
(7.6) S(MGL[l/c] ~ Y? t ' t BL t \\lc\. 

7.4. Slices of the motivic sphere spectrum. Let L be the graded cosimplicial commutative ring associated 
with the Hopf algebroid (L. LB) that classifies formal group laws and strict isomorphisms. For each t € Z, we 
can view its degree t summand L t as a chain complex (concentrated in nonpositive degrees) via the Dold-Kan 
correspondence, whence as an object in Sp(A op ./lb). 

Theorem 7.7. There is an equivalence of HZ-modules s f l[l/c] ~ S 2t,t i?Lt[l/c] such that the diagram 

E 2 *>*#L t [l/c] — ^->-£ 2t '*i?X t [l/c] 



s t l[l/c 



1L9 

->s t MGL[l/c] 



commutes. 



Proof. Follows from (7.6| as in [Levl21 §10]. 



□ 
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7.5. Convergence of the slice spectral sequence. Consider a homological functor F: S5£(5) — > A where 
A is a bicomplete abelian category. The tower 

> ft+i -> ft -> ft-x -> • • • 

in the triangulated category §5f(S) gives rise in the usual way to a bigraded spectral sequence {F**} r >i with 

Fl'\E) = F(s t Z s E) and d r : F^ -> F r s+M+r ". 

We denote by i 7 ^* the limit of this spectral sequence. On the other hand, this tower induces a filtration of 
the functor F by the subfunctors f t F given by 

f t F(E) =Im(F(f t E) ^ F(E)), 

and we denote by StF the quotient f t F/f t +iF. We then have a canonical correspondence 

(7.8) St F(£ s £) <— > 

and we say that -E is convergent with respect to F if it is an isomorphism. We say that E is bounded with 



respect to F if for every s £ Z, F{f t T, s E) — for t ^> 0; this implies that (7.8) is an epimorphism from the 



right-hand side to the left-hand side. If F preserves sequential homotopy colimits and if sequential colimits are 



exact in A, (7.8) is always a monomorphism from the left-hand side to the right-hand side by virtue of (7.4), 
so that boundedness implies convergence. We simply say that a spectrum is convergent (resp. bounded) if it 
is convergent (resp. bounded) with respect to the functors [E°' 9 E°°jr + , — ] for all X € Bm/S and q £ Z. Note 
that every bounded spectrum is also complete. 

Lemma 7.9. Let k be a field and E 6 SJ{(fc). Suppose that there exists n 6 Z suc/i i/mt ftE is (t + ra)- 
connective for allt £ Z. Then, for any essentially smooth morphism f : S 1 — > Spec fc, f*E £ SJC(iS') is bounded 
and in particular complete and convergent. 

Proof. Let X G Sm/5 and p,(j€Z. Suppose first that / is the identity. Since ftE is (t + n)-connective, we 



have [E P ' 9 E°°X + , f t E] — as soon as t > p — q — n + dim (Corollary 1.4), so E is bounded. In general, let 
/ be the cofiltered limit of smooth maps f a : S a — > Spec A: and let X be the limit of smooth -schemes X a . 
Then by Lemma |A.7[ we have 

[E™E°°X + , /*(/*£)] = cohm Q [EP^E 00 (X Q ) + , f*(f t E)\ = colim a [S™E 00 (X Q ) + , f t E] 

which is zero if t > p — q — n + ess dimX. 

It remains to show that f*(f t E) — > f*{E) is the t-cffectivc cover of f*(E). Since f*(f t E) is ^-effective, it 
suffices to show that for any X £ Sm/fc, p £ Z, and q >t, the map 

[Tr«X°°X + , r(f t E)} [E^E 00 X + ,/*(S)] 

is an isomorphism. If / is smooth, this follows from the fact that the left adjoint /j to /* preserves ^-effective 
objects. In general, it follows from Lemma [A. 7| □ 

Lemma 7.10. / f MGL[l/c] is t-connective. 



Proof. By Theorem |6. 12 and the proof of |SpilO[ Theorem 4.6], /tMGL[l/c] is the homotopy colimit of a 
diagram of MGL-modules of the form E 2n ' n MGL[l/c] with n>t. Thus, / t MGL[l/c] is a homotopy colimit 
of t-connective spectra and hence is t-connective. □ 

Lemma 7.11. Let M* be a Landweber exact L[l / c]-module and E £ §>!H(S) the associated motivic spectrum. 
Then f t E is t-connective. 

Proof. Suppose first that M* is a flat L-module. It is then a filtered colimit of finite sums of shifts of 
L[l/c], and E is equivalent to the filtered homotopy colimit of a corresponding diagram in ModMGL- By 
Lemma [7T0] / t (E 2 ™^ n MGL[l/c]) ~ E 2 "'"/ t _„MGL[l/c] is t-connective for any n £ Z. Since f t commutes 
with homotopy colimits, ftE is t-connective. In general, E is a retract in SOi(S) of MGL A E, so it suffices 
to show that f t (MGL A E) is t-connective. But MGL A E is the spectrum associated with the Landweber 
exact left L- module LB ®l which is flat since it is the pullback of M* by SpecL — > ML, where ML is 
the stack represented by the Hopf algebroid (L,LB). □ 

Theorem 7.12. Let be a Landweber exact L[\ / c]-module and E £ §3i(S) the associated motivic spectrum. 
Then E is bounded and in particular complete and convergent. 
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Proof. Since Landweber exact spectra are cartesian sections of S!K(— ) by definition, this follows from 
Lemmas FfTQl and [77TT1 □ 

Example 7.13. Many interesting Landweber exact L-algebras are of the form (L//)[J _1 ] where I C L is 
an ideal generated by a regular sequence of homogeneous elements and J C L/I is a regular multiplicative 
subset. If E is the Landweber exact motivic spectrum associated with (L/J)[J ], there is a map 

(MGL//)[J _1 ] -> £ 



in D(MGL). Assuming c 6 J, we claim that this map is an equivalence. By Lem mas 7.9 and 7.10 the 
MGL-module (MGL//)[J _1 ] is bounded and hence complete, and so is E by Theorem 7.12 Thus, it suffices 
to prove that this map is a slicewise equivalence, and this follows easily from Theorem 7.5 If Jo C J is the 
subset of degree elements, we can prove in the same way that foE ~ (MGL//)[J -1 ]. 



Combining Theorem 7.12 with Theorem 7.5 we obtain for every X € Sm/S a spectral sequence starting 
at H**(X, M*) whose oo-page is the associated graded of the slice filtration on E**(X): 

H p+2t > q+t (X,M t ) => E p > q (X). 

Note that H**(X, M t ) = H**(X, Z) (g> M t since M t is torsion-free. In the case M* = L[l/c], this spectral 
sequence takes the form 

(7.14) F+ 2t ^ +i (I,Z) ® L t [l/c] ^ MGL p '«(I)[l/c]. 

Corollary 7.15. Let k be a field of characteristic zero and X 6 Sm/fc. There is a natural isomorphism 

MGL (2 ' X) *(X) 
where f2*(— ) is £/ie Levine-Morel algebraic cobordism. 



Proof. This is proved in |Lev09| assuming the existence of the spectral sequence (7.14). □ 

Appendix A. Essentially smooth base change 

In this appendix we show that the categories of motivic spaces, spaces with transfers, spectra, and spectra 
with transfers are "continuous" with respect to inverse limits of smooth morphisms of base schemes. Smooth 
morphisms and etale morphisms are always separated and of finite type. 

Definition A.l. Let S be a base scheme. A morphism of schemes T — > S is essentially smooth if T is a 
base scheme and if T is a cofiltcred limit linio, T a of smooth S'-schemes where the transition maps Tp — > T a 
are affine and dominant. 



The dominance condition is needed in the proof of Lemma A.3| (2) below. If X is smooth and quasi- 



projective over a field k and Z C X is a finite subset, then the semi-local schemes Spec Qx,z, Spec O x z , and 
Spec Ox z are examples of essentially smooth schemes over k. 



With the notations of Definition A.l if U is any T-scheme of finite type, then by |Gro661 Theoreme 8.8.2] 
it is the limit of a diagram of schemes of finite type (U a ) over the diagram (T a ). Moreover, if the morphism 
U -> T is either 

• separated, 

• smooth or etale, 

• an open immersion or a closed immersion, 

then we can choose each U a —> T a to have the same property (this follows from |Gro66[ Proposition 8.10.4], 
|Gro671 Proposition 17.7.8], and Gro66, Proposition 8.6.3], respectively). In particular, a composition of 
essentially smooth morphisms is essentially smooth. The following lemma shows that an essentially smooth 
scheme over a field is in fact essentially smooth over a finite field F p or over Q. 

Lemma A. 2. Let k be a perfect field and L a field extension of k. Then the morphism Spec L — > Spec k is 
essentially smooth. 

Proof. We have SpecL = lim^ Specif where K ranges over all finitely generated extensions of k contained 
in L. We may therefore assume that L — k(x\, . . . , x n ) for some xi € L. Since k is perfect, Spec k[x\, . . . , x n ] 
has a smooth dense open subset U ( |Gro67[ Corollaire 17.15.13]). Then SpecL is the cofiltered limit of the 
nonempty affine open subschemes of U. □ 
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From now on we fix a commutative ring R. We let 3t*(S) (resp. JC% T (S, R)) denote the homotopy category 
of the category of pointed simplicial presheaves on Sm/S (resp. additive simplicial presheaves on Cor(5, R)) 
with the projective model structure. Mapping spaces in the homotopy categories JC%(S) and ^Kf r (S, R) will be 
denoted by Map s (A", Y) to distinguish them from mapping spaces in IK* (5*) and ^Kt r (S, R), which we simply 
denote by Map(A, Y). 

Let e(S) be any of the categories K% t (S,R), K*(S), 3i tr (S,R), SOi(S), and SK tT (S,R). In the 

terminology of [CD091 §1.1], C(— ) is then a complete monoidal Sm-fibered category over the category of base 
schemes. In particular, a morphism of base schemes / : T — > S induces a symmetric monoidal adjunction 



e(S) 



r 



where /* is induced by the base change functor Sm/S 
it induces a further adjunction 



C(T) 



r 



±e(T) 

Sm/T or eor(5, R) -> Cor(T, R), and if / is smooth, 



e(s) 



where /j is induced by the forgetful functor Sm/T — > Sm/S or Cor(T, R) — > Cor(S, R). All this structure can 
in fact be defined at the level of model categories, and while we will not directly use any model structures, 
we will use homotopy limits and colimits. In other words, we consider G(S) as a derivator rather than just 
a homotopy category. The above adjunctions are then adjunctions of derivators in the sense that the left 
adjoints preserve homotopy colimits and the right adjoints preserve homotopy limits. 
The (symmetric monoidal) adjunctions 



LA, 



Lid 



Rid 



Lid Rid 



K*(— ) 



Lfl tr 



±%U-,R) 



RSf 



RSI? 



SJC(-) 



Lfltr 



SJ£ tr (- i?) 



are compatible with the Sm-fibered structures. This means that the left adjoint functors always commute 
with /*, and, if / is smooth, they also commute with /j. For the adjunctions (Li? tr ,utr), this follows from 
the commutativity of the squares 



Sm/S 

r 



eor(5, R) 

r 



and 



Sm/T 
ft 



-> Cor(T, R) 

h 



Sm/T >Cor(T, R) 



Sm/S ► Cor(5, R) 



([CD09, Lemmas 8.3.3 and 8.3.7]). For the vertical adjunctions this holds by definition of /* and of /j. 

From now on we fix an essentially smooth morphism of base schemes / : T — > S, cofiltercd limit of smooth 
morphisms f a '. T a — y S as in Definition |A.1| 

Lemma A. 3. Let d: I Sm/T be a finite diagram of smooth T -schemes, cofiltered limit of finite diagrams 
d a : I — > Sm/T a . Let X (resp. X a ) be the homotopy colimit of d in 9C*(T) (resp. of d a in !Kl(T a )). 

(1) For any J £ !K^(S), the canonical map 

hocolim Q Map s (A Q , /*?) -> Map s (X, /* J) 

is an equivalence. 

(2) For any 5" € !K^ r (S, R), the canonical map 

hocolim a Map s (Li? tr X Q , f*3) -> Map s (Li? tr A, /*SF) 

is an equivalence. 
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Proof. Since filtered homotopy colimits commute with finite homotopy limits, we can assume that / is a point. 
Both sides preserve homotopy colimits in 3, so we may further assume that J = Y + (rcsp. that J = LR tI Y + ) 
where Y £ Sm/S. Then /*SF is represented by Y Xj T and the claim follows from [Gro66( Theoreme 8.8.2] 
(resp. from [GD091 Proposition 8.3.9]). □ 

A cartesian square 




in Sm/S* will be called a Nisnevich square if i is an open immersion, p is etale, and p induces an isomorphism 
Z Xx V = Z, where Z is the reduced complement of i(U) in X (by |Gro671 Proposition 17.5.7], Z x x V is 
always reduced and so it is the reduced complement of p _1 (i(£/)) in V). 

Recall that an object SF in "K%{S) or JCJ r (S, R) is called A 1 -local if, for every X £ Sm/S, the projection 
X x A 1 — ► X induces an equivalence £F(X) ~ 5F(Jf x A 1 ), and it is Nisnevich-local if it satisfies homotopical 
Nisnevich descent. Since S is Noetherian and of finite Krull dimension, 5" is Nisnevich-local if and only if 
3 r (0) is contractible and, for every Nisnevich square Q, the square £F(Q) is homotopy cartesian (this is a 
reformulation of [MV991 Proposition 3.1.16]). The localization functors 

JC;(5)->^C(5) and 5t t s r (5,i?) ->5Ct r (S,iJ) 

have fully faithful right adjoints identifying Oi*(S) and !K tr (S, J?) with the full subcategories of A 1 - and 
Nisnevich-local objects in JCl(S) and 9C% T (S,R), respectively. 
We now make the following observations. 

• Any trivial line bundle in Sm/T is the cofiltered limit of trivial line bundles in Sm/T Q . 

• Any Nisnevich square in Sm/T is the cofiltered limit of Nisnevich squares in Sm/T Q . 

The first one is obvious. Any Nisnevich square in Sm/T is a cofiltered limit of cartesian squares 




in Sm/T a , where i a is an open immersion and p a is etale. Let Z a be the reduced complement of i a {U a ) in 
X a . It remains to shows that Z a Xx a V a —t Z a is eventually an isomorphism. By |Gro66| Corollaire 8.8.2.5], 
it suffices to show that Z = lim a Z a as closed subschemes of X. Now \im a Z a = Z a Xx a X for large a, 
and so lim Q Z a is a closed subscheme of X with the same support as Z. Moreover, it is reduced by |Gro66[ 
Proposition 8.7.1], so it coincides with Z. 

Lemma A.4. The functors f * : JC*(5) -> ?CJ(T) and f * : Kf t (S,R) -> Di s tI {T,R) preserve A 1 -local objects 
and Nisnevich-local objects. 

Proof. If / is smooth this follows from the existence of the left adjoint /jj to /* and the observation that /j 
sends trivial line bundles to trivial line bundles and Nisnevish squares to Nisnevich squares. Thus, each /* 
preserves AMocal objects and Nisnevich-local objects. Since any trivial line bundle (resp. Nisnevich square) 



over T is a cofiltered limit of trivial line bundles (resp. Nisnevich squares) over T a , Lemma A. 3 shows that 
/* preserves A 1 -local objects and Nisnevich-local objects in general. □ 

Lemma A. 5. Let d: I — > Sm/T be a finite diagram of smooth T -schemes, cofiltered limit of finite diagrams 
d a : I Sm/T Q . Let X (resp. X a ) be the homotopy colimit of d in !K*(T) (resp. of d a in J{,*(T a )). 

(1) For any J £ 3i*(S), the canonical map 

hocolim Q Map(A Q , /*?) ->■ Map(A, /* J) 

is an equivalence. 

(2) For any 3 £ J£ tr (5, R), the canonical map 

hocolim Q Map(Li? tr A Q , /*?) Map(Li? tr A, f*3) 

is an equivalence. 
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Proof. Combine Lemmas A. 3 and A. 4 



□ 



It is now easy to deduce a stable version of Lemma A. 5 Recall that objects in SJf(5 l ) and S5ftr(<5, R) can 
be modeled by f2-spectra, i.e., sequences (Eq, E\, . . .) of A 1 - and Nisnevich-local objects Ei with equivalences 
Ei ~ 17 2,1 i?i + i. If E G S'K(S) is represented by the ^-spectrum (Eq,Ei, . . . ) and X G 3£*(5), we have 



(A, 



for any r > such that p + 2r>q + r>0, and similarly if E G §^Kti(S, R) and X e Jitr(S, R). 

If / is smooth, then the existence of the left adjoint /j to /* shows that /* commutes with the unstable 
bigraded loop functors fl p ' q . An easy application of Lemma |A.5| then shows that this is still true for / 
essentially smooth. Thus, the base change functors 

/* : S 5£(5) -> S Jf (T) and /* : S5f tr (5, i2) -> SlK tr (T, R) 

can be described explicitly as sending an J7-spectrum (Eq, Ei, . . . ) to the ^-spectrum (f*Eo, f* E\, . . .). 
From (A.6) and Lemma A. 5 we obtain the following result. 

Lemma A. 7. Let X G Sm/T &e a cofiltered limit of smooth T a -schemes X a and let p,q G Z. 

(1) For any E £ §3<(S), [YP^Y, 00 X+, f* E] = colim Q [I]P''?E 00 (X Q ) + , f*E}. 

(2) For any E G §^(5,^), [L^EP-'S 00 ^, /*£?] S colim Q [Li? tr E^E 00 (A Q ) + , /*E]. 
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